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Equilibrium magnetization states of thin nanoparti les of various
forms are studied theoreti ally, using the approximation of the
effe tive anisotropy aused by the magneti dipolar intera tion.
The magnetization distributions near a plane angle and for dots,
whi h have form of regular polygons, are predi ted theoreti ally
for magnets with weak ex hange intera tion. The sizes of
magnetization inhomogeneities near the angle vertex are estimated
theoreti ally. The analyti results are in a good agreement with
the results of mi romagneti simulations for square prisms.

Inhomogeneous states in su h magneti s, in parti ular
a domain stru ture, are determined, in the first turn,
by the form of a magnet. The reason for su h states
to appear is the anisotropy of a form whi h is due
to the magneti
the
with
the

dipolar intera tion [5℄. In parti ular,

plane-parallel
magneti
magneti

distribution

flux

losure

elements

of

of

the

patterns

m-sized

magnetization
is

observed in

thin

films

[1℄.

The magnetization distribution in su h stru tures is
des ribed by the van den Berg method [69℄. The
1.

idea

Introdu tion

In re ent years, a growing interest in the study of
stati

and dynami

properties of nm-sized magneti

parti les. This interest is

aused by unusual physi al

properties of obje ts and various pra ti al appli ations
[13℄. Magneti

properties of nanoparti les are well

des ribed in the ma rospin approximation [4℄ only if
the size of a parti le does not ex eed 10 nm [1℄. For
parti les of a greater size, the ground state stops to be
homogeneous. In magneti s, there appear the domain
stru tures whose
intera tion
onstant).

hara teristi

p

size is determined by

l = A=K (A is the ex hange
onstant, and K is the single-ion anisotropy

the magneti

length

Magneti

anisotropy is

a

reason for

the

appearan e of a domain stru ture in massive spe imens.
In small parti les made of magneti ally soft materials
with a small fa tor of quality
(

Ms

Q =

K=4M 2
s

 1

is the saturation magnetization), the magneti

dipolar

intera tion

turns

out

to

be

the

dominant

me hanism of appearan e of a domain p
stru ture [1,
5℄: the typi al ex hange length

` =

A=4Ms2

is

about 510 nm for typi al magneti ally soft materials.

802

onsists in the determination of a two-dimensional

(plane-parallel) magnetization field ensuring the full
absen e of a demagnetization field, whi h is possible

r~  M~ = 0) and

only in the absen e of bulk (

~  ~n = 0) magnetostati
(M

surfa e

harges. It was shown in [69℄

with the use of the methods of differential geometry that,
for a one- onne ted region, a

orresponding solenoidal

distribution of the magnetization is possible only under
the appearan e of a domain stru ture. It is worth noting
that the van den Berg domains do not in lude a thin
stru ture (the zero thi kness of a domain wall) due to
the negle t of the ex hange intera tion. Though the
idealized model of van den Berg explains the reason for
the appearan e of inhomogeneous states in elements of
magneti ally soft films of mi ron size, it stops to be valid
for smaller systems of submi ron size due to the possible
turning of the magnetization ve tor from the plane,
the inhomogeneous distribution over thi kness, et . [10℄.
But just parti les of submi ron size are a tual now for
numerous applio ations. In parti ular, in parti les of the
disk form, the ground state

an be vortex one [1, 11℄.

Parti les in the vortex state are promising
for fast gages of magneti

andidates

fields and data-storage devi es
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with high density [11℄ and for the study of fundamental
properties of magneti
As

was

already

inhomogeneity

of

substan es.
noted,

the

the

basi

reason

magnetization

for

an

distribution

in

magneti ally soft nanomagneti s is the magneti
intera tion, whose a

ount is the ne essary

dipolar

ondition for

the adequate des ription of inhomogeneous stru tures
of the magnetization. The nonlo al
magneti
the

hara ter of the

dipolar intera tion signifi antly

theoreti al

analysis

of

properties

ompli ates
of

magneti

nanostru tures whi h is usually performed numeri ally,
e.g., with the use of mi romagneti
now,

the

analyti

intera tion was

analysis

of

arried out for

modeling [12℄. By

the

magneti

dipolar

ertain limiting relations

between the parameters of a system: the length

h,

thi kness

and

ex hange

`.

length

In

L,

parti ular,

Fig. 1. Designations for the al ulation of the effe tive anisotropy
for an angle

it was proved in [13℄ that, for infinitely thin films
under the
the

onditions

magnetostati

h=L

energy

! 0

has

and

a

`=L

lo al

anisotropy energy of the easy plane

!

form

onst,
of

the

type; in this

ase, the homogeneous ground state is realized in the
plane of a film. The magnetostati

interpretation of

oeffi ients of spatially inhomogeneous anisotropy:

2

Z
1
A = 2 G(P=h)d

0

the mentioned effe tive anisotropy is redu ed to the
influen e of surfa e magnetostati
harges along a film
with energy

harges: the surfa e

reate a magnetostati

2Ms2 [14℄. The magnetostati

edge surfa e

apa itor

harges of the

ause the surfa e anisotropy [1416℄ that

leads to the appearan e of surfa e nonlinear ex itations,
in

parti ular, half-vorti es or boojums [1719℄. The

analyti

des ription of the effe tive anisotropy

by the magneti

dipolar intera tion was

aused

onstru ted

re ently in work [20℄ for magneti s of finite thi kness
under the

onditions

h=L  1;

2 ; G(x) = px2 + 1 x;
3

2

Z
B = 21 [G(P=h) + 2 ln G(h=P )℄ e

0

(1)

~ = Ms (sin  os ; sin  sin ; os ) depends
M
oordinates (; ) in the plane of a

(3b)

P  P (; j ) denotes the distan e from a point
(; ) to the lateral surfa e of a spe imen in the dire tion
(see Fig. 1).
It is worth noting that the form of the fun tions

A(; ) and B(; ) is

of a length unit. The
the

In this approa h, it is assumed that the magnetization

d :

Here,

ompletely determined by the size

and form of a spe imen. In this

`=L  1:

2{

(3a)

oeffi ient

ase,

h

plays the role

A is real-valued in all

ases and plays the role of the

onstant of effe tive

uniaxial anisotropy (dire ted normally to the plane of

A > 0 and A < 0,

only on

a spe imen). Under the

magnet.

the anisotropies of the easy axis and easy plane are

Su h plane-parallel distribution of the magnetization

realized, respe tively. We note that, for thin spe imens,

is adequate for magneti s of

onstant thi kness under

we have always the easy-plane anisotropy [20℄. In thin

ording to [20℄, the energy of the

spe imens where the magnetization lies mainly in the

the

onditions (1). A
magneti

XY -plane, the dire

dipolar intera tion looks as

E = Ms2 h

Z

tion

onditions

 in the plane is determined by

the se ond term in the formula for the energy in (2),

W d2 x;

namely by the expression



Re Be2{(

) . By minimizing

the energy, this dire tion is determined as

i

h

W = A[1 3 os2 ℄ + sin2  Re Be2{( ) :
The quantities
fun tions

of

A  A(; )
the

oordinates

and

B  B(; )

and

determine
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1
2 Arg B(; ):

(2)

(; ) =  +

are

We now

the

tangents to whi h at points

2

(4)

onsider the lines of effe tive anisotropy, the

(; ) have the

slope angle
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sides are defined as

P1 (; j ) =
Let

us

 sin(
sin( +

)

onsider

)

the

; P2 (; j ) =

behavior

of

 sin()
sin( + ) :

the

effe tive

 =

anisotropy along the angle bise trix

al ulation by formulas (3) indi ates that the

=2.

The

oeffi ients

A and B are real-valued along the angle bise trix:


Z
1
A =  G(P=h)d

2;
3

=2

A

B() (bold line) along the

Fig. 2. Dependen es ( ) (thin line) and
bise trix for different values of the angle
dashed line  = 5=6

(; )

= =3,

: solid line 

[20℄. These lines determine the magnetization

distribution for a purely two-dimensional distribution
and

the

negle t

by

both

the

ex hange

intera tion

and the single-ion anisotropy. We note that, at large
distan es

from

the

surfa e

(the

quantity

jBj

tends

to 0 with in rease in the distan e from the surfa e,
see Fig. 2 and Fig. 2b in [20℄), the

al ulation of

the magnetization distribution requires to a
magneti

intera tions. In this

ase, the lines of effe tive

anisotropy are a means to approximately a
magnetostati

ount all
ount the

intera tion as a lo al one. But, as was

shown in work [20℄, the method des ribes very pre isely
the magnetization distribution in inhomogeneous states
of real nanomagneti s under

onditions (1).

In the present work within the indi ated approa h,
we study the magnetization distribution in magneti s
of various geometries. In this

ase, we negle t spe ifi

features of the surfa e layer of a magneti , by assuming
that the state of magneti

ions of the surfa e layer does

not differ from the state of internal ions. In Se tion 2, we
study the distribution of the lines of effe tive anisotropy
near a planar angle. The results are generalized to the
analysis of su h a distribution in magneti s that have
form of regular polygons (Se tion 3). In Se tion 4, we
analyze the size of inhomogeneities near the verti es of
angles.

2.

Effe tive Anisotropy Near a Planar Angle

We now

onsider an infinite plane ferromagneti

with thi kness
Fig. 1). In this

804

h whi

h has the form of an angle

ase, the distan es

\



Z
B = 1 os 2 [G(P=h) + 2 ln G(h=P )℄ d ;

=2

P
A

(see

(5)

ording to (4), the lines of effe tive anisotropy are

B < 0 and normal to it at
B > 0. At the point of the bise trix, where B = 0, we

parallel to the bise trix at

have a saddle point. Moreover, the density of the linear
part of the magnetostati

energy at this point will not

depend on the orientation of the magnetization in the
plane of a spe imen

.

The straightforward

of expressions (5) for angles

"



2 (0; ) gives



A( ) = 1 ar tg  sin 2 + ar tg



al ulation

p

1 +  2 tg

#

p



2 +

1 +  2  os 2
+ sin 2 ln
+ 13 ;
2
2 sin 4
"



B( ) = 34 os + os ar tg  sin 2 +
 2 tg 2 2 tg
p
+ 21 ar tg
2 1 + 2
p

2 sin2 4 1 +  2 +  os 2 #
 sin 2 ln
+
1 +  2 sin2 2

+ sin



plate

P1 and P2 to the angle

 sin =2
) = sin(
:
=2)

 P1 (j ) = P2 (j

where

"

#

p

1 + 2

 = =h.


 + ln p
;
1 + 2 + 1
The

dependen e

A( )

is

always

monotonously de reasing (see Fig. 2). The dependen e
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Fig. 3. Distribution of the lines of effe tive anisotropy for different
angles: a: = =3, b: = =2, : = 2=3, d: = 3=4

B( )

qualitatively

through the

r

hanges its

form on

the

passage

riti al value

= 23 :

(6)

2 (0;

For angles

)

r , the fun tion

B( ) takes only

negative values and monotonously in reases. However,

2 ( r ; ), there appears a maximum
dependen e B ( ). In this
ase, the fun tion
at

its sign at some value
numeri ally the
of the

oeffi ient

angle by

hara teristi

r

B(; )

for the whole area

of

the

an
lines

onstru t a
of

effe tive

&

is valid. In the opposite

ase

distan e

h we have

r

 r  1, for whi

p C1

r

+ C2

p
r

r , the

hara teristi

;

C1  0; 31; C2  0; 882:

hanges

(see Fig. 2). Cal ulating

formula (3b), we

distribution

of the

Fig. 4. Distan e from the angle vertex to the saddle point as a
fun tion of the angle. The dashed and dash-dotted lines show
estimates (7) and (8), respe tively

(8)

It should also be noted that the
presented in this se tion

ontinual

al ulation

an turn out erroneous for

the verti es of very a ute angles; su h problems require
a sepaarte

onsideration with regard for the dis rete

stru ture of a magneti .

anisotropy for various angles (see Fig. 3). The main

2 ( r ; ) is the appearan e of a

pe uliarity of angles

saddle point on the bise trix whi h is shown in Fig. 3,d
as a

ir le.

r

The position of a saddle point
by the

ondition

expe t,

in

2 ( r ; )

B( r ) = 0

that

the

have

ase

and strong magneti
of

a

starts
point

domain
at

wall

the

 r.

of

a

may

polygons. Su h an analysis is key for solving the problem

intera tion

on the distribution of magnetization in nanomagneti s

point,

ex hange

one

angle

and

bise trix

terminates

whi h
at

on erning the effe tive anisotropy for regular

in the form of polygons with regard for the magneti
dipolar intera tion.

the

Let us

onsider a regular

whi h the distan e from the

Analyti

estimates of the position of a saddle point

riti al distan e

r

ases. If

. ,

 1, and the asymptoti

estimation

2
 r  e(
e

an be generalized to the solution of the

saddle

the

vertex

near angles
problem

an be exe uted in two limiting
then the

The above-exe uted analysis of the effe tive anisotropy
is determined

dipolar intera tion, the presen e

angle

Effe tive Anisotropy for Regular Polygons

(see Fig. 4). For angles

weak

along

3.

=2)

tg
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(7)

a.

The

N -gon with thi

kness

h, for

enter to an angle vertex is

al ulation by formula (3b) gives the following

expression for the

B(; ) = 21

oeffi ient of effe tive anisotropy:

"

Z0
0

'0

F (P0 =h) e 2{ d +
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Fig. 6. Distan e r r from the saddle point to the vertex of a polygon
as a fun tion of its thi kness by the results of the numeri al
integration of relations (9). Different lines orrespond to different
polygons. The number of angles is denoted by a number on the
right
the polygon

Fig. 5. Numeri ally al ulated lines of effe tive anisotropy for
ertain regular polygons. The al ulation is exe uted by formulas
(9). The bold line shows the separatrix urve whi h passes through
saddle points and separate the regions with different distributions
of the lines of effe tive anisotropy, whi h an indu e, in the
presen e of the strong magneti dipolar intera tion, different
magnetization patterns: a state of the vorti al type and a domain
stru ture will be formed inside and outside, respe tively. For all
polygons, h = a=2

the

positive

polygon

enter, and the angle
dire tion from

the



line

is re koned in
onne ting the

enter with one of its verti es. Lines of effe tive

anisotropy numeri ally

al ulated by formulas (9) for

ertain regular polygons are presented in Fig. 5.
In the previous se tion, it was established that a
saddle point arises for planar angles
whi h

>

r

= 2=3,

oin ides with the angle of a regular 6-gon.

However, the

al ulation by formulas (9) testifies that,

for bounded polygons, a saddle point appears already in
5-gons (

5

= 3=5) (see Fig. 5). The saddle points are

N -gon. The
r r from the saddle point to the vertex depends

positioned on the bise tri es of angles of an

+

NX1 Z k
k=1

F (Pk =h) e 2{

#

distan e

d ;

on the thi kness of a polygon, and this dependen e for

N > 5 is the same: for infinitely thin magneti s, r r ! 0,
and r r ! a for thi k ones (see Fig. 6). For 5-gons,
r r ! 0:49a as h ! 0, whi h is obviously a onsequen e
of the fa t that the angle of a 5-gon 5 <
r (see Fig. 6).

k 1

F (x) = G(x) + 2 ln G(1=x);
an an+1 b 1 sin 'n
Pn =
os[ +  (2n + 1)=N ℄ ; n = 0; N 1;
i
ha
0
0 = ar sin b sin '0 ; b = 2a sin(=N );
j

=

0+

j
X
i=1

absen e of a dependen e of the magnetization on the
oordinate normal to the plane of a magneti . This

'i ; j = 1; N

1;

values of the quantity

1;

(; )

B, being the

oeffi ient of effe tive

uniaxial anisotropy whose dire tion is determined from
the indi ated figures, are given in Fig. 7 ( ase
(9)

al ulation of (9), it was assumed that the
oordinates

h  `.

of the lines of effe tive anisotropy. The quantitative

ak = 2 + a2 2a os( 2k=N ); k = 0; N:
origin of the system of

an be violated at

Figures 5 and 6 show the distributions of dire tions

p

806

It should be re alled that the presented distributions
of the lines of effe tive anisotropy are true only in the

ondition

a2 + a2
b2
'm = ar os m m+1
2amam+1 ; m = 0; N
In the

These results are obtained numeri ally.

oin ides with

N = 6).

It is worth noting that if the distan e from the
saddle point to a vertex equals several interatomi
distan es, then the models a
of a

ounting the dis reteness

rystalline stru ture and surfa e effe ts of a magnet
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B

Fig. 7. Values of the oeffi ient
as a fun tion of the distan e
from the 6-gon enter along different dire tions. The solid line 
along the diagonal, and the dashed line  in the dire tion normal
to a side. The ir le denotes the saddle point
should be used in the

al ulation of the magnetization

distribution near the angle vertex.

4.

Estimation of Sizes of the Magnetization

Fig. 8. Numeri al solution of Eq. (11) as the upper bound for the
size of the region in an angle , where the magnetization goes
out from the angle plane. The dash-dotted and dotted lines show
estimates (12) and (13), respe tively

Inhomogeneity Near Inhomogeneities of a

  1),
W vor < W uni).
~ su h that,
e 

as the distan e from the angle vertex grows (

Surfa e

the vortex state be omes energy-gained (
The

magnetization

distribution

near its lateral surfa e is

in

a

nanoparti le

very sensitive to

surfa e

Thus, there exists the
at

 < ~,

riti al distan

the quasihomogeneous orientation of the

roughnesses, whi h affe ts the dynami s of the pro ess of

magnetization normally to the plane of a spe imen

remagnetization [21, 22℄. This hampers the development

be omes more favorable. The value of

of

as a solution of the equation

memory

devi es

on

the

be ause it is quite diffi ult to

base

of

nanomagneti s,

ontrol surfa e roughnesses

on the fabri ation of parti les with submi ron sizes.
Therefore, it is pra ti ally interesting to estimate the
sizes of a region near the lateral surfa e of a parti le,
where the state is essentially different from that in the
bulk.
In this se tion, we

onsider parti les whi h are in a

vortex state. For simpli ity, we will analyze a purely
planar vortex state with

 = =2;

 =   =2:

(10)

The energy density of the magneti

dipolar intera tion

in approximation (2) for a planar vortex (10) along the
angle bise trix

W vor = A( )

B( ). Analogously, the

energy density in a parti le whi h is homogeneously
magnetized normally to the plane of a spe imen (
has the form

W

uni

= 2A( ). The analysis testifies that

the homogeneous state is energy-gained as

ompared



with the vortex one near the lateral surfa e (
for any angles

 = 0)

2 (0; ) (see Fig. 2). On

the
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 1)

ontrary,

~ an be obtained
W vor = W uni or, what is

the same,

3A(~) = B(~):
This

(11)

equation

the limiting

an

be

analyti ally

solved

ases. For small angles (

only

 1),

in
the

hara teristi

size of inhomogeneities turns out to be

signifi ant (

and is approximately des ribed by

~  1)

the formula

1
~  f 1 12 (1
where

f 1

2 =2) ; f (x) = x



1 ln x2 ;

(12)

denotes the fun tion inverse to the fun tion

f . In the opposite
~  2 exp





1

1

ase



=

( . ), we have ~  1:
:

(13)

The numeri al solution of Eq. (11) is given in Fig. 8.
It is ne essary to note that the obtained dependen e

~( ) gives only a rough upper bound for the size of

the
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Fig. 9. (a )  the vorti al distribution of the magnetization in a square prism (the degree of darkness hara terizes the value of Mz ;
(b )  the magnetization omponent Mz normal to the plane of the prism; ( )  the hara teristi size of the inhomogeneity in the
prism angle versus the prism thi kness: symbols (filled ir les) orrespond to the results of mi romagneti modeling, the straight line
r~ = h~(=2) presents the theoreti al upper bound obtained from the solution of (11). In the insert, we show the quantity Mz along the
prism diagonal (see the parameters in the text)

region

near

an

angle

on

the

surfa e,

where

the

magnetization goes out from the parti le plane. To
obtain a more exa t solution, it is ne essary to solve
the variational problem of minimization of the fun tional
of energy. But the a

ount of the ex hange intera tion

where the deviation of
riterion is

Mz

Gauss form of deviations of

=2,

is equal to

Ms =e.

Su h a

hosen due to the assumption about the

Mz (r). For the angle =
~( )  0:278. In Fig. 9,
r~ = h~(=2). As is seen,

the solution of Eq. (11)

we drew the straight line

energy in su h a fun tional will lead to a de rease of the

even within su h a rough model whi h does not a

size of the region under

the ex hange intera tion and does not take a spe ifi

onsideration.

For the sake of illustration, we
square

prism.

mi romagneti

With

the

use

of

onsider a right
the

software

for

modeling OOMMF [12℄, we obtained the

vortex distributions of magnetization for prisms with

form of the inhomogeneity of

Mz (r)

into a

ount

ount, we

have obtained the upper bound of the inhomogeneity
size whi h

oin ides by the order of magnitude with the

values obtained by modeling.

different thi knesses. It is revealed that, in the angles of
the prism, the magnetization

Mz )

spe imen plane (

omponent normal to the

is nonzero. The maximum value

of su h a deviation of the quantity

Mz ,

size of a region in whi h this deviation is

as well as the
on entrated,

in reases with the prism thi kness. The values of

Mz =Ms

5.

Con lusions

By using the method of effe tive anisotropy
by

the

magneti

dipolar

intera tion,

we

aused
have

theoreti ally studied the equilibrium distributions of

along the diagonal of the prism are given in the insert in

the magnetization in thin magneti

Fig. 9. In the modeling, we took square prisms with the

various

material parameters of permalloy (

in the form of an angle, we have revealed that the

Ms = 8:6  105

A = 2:6  10 12 J/m,

A/m), the side length of 200 nm, and

the thi knesses of 60, 70, 80, 90, and 100 nm. In Fig. 9,
the profile with a greater amplitude of the deviation at
the ends

orresponds to a prism with greater thi kness.

The filled

ir les in Fig. 9 show the distan e from

the angle vertex of the prism to a point on the bise trix,
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forms.

In

parti ular,

for

nanoparti les of
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plane

spe imen

distribution of the lines of anisotropy is qualitatively
hanged
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on

= 2=3.

the

passage

For angles

a saddle point whi h

through

the

2 ( r; ),

riti al

angle

there appears

an be joined with the angle

vertex by a domain wall in the

ase of weak ex hange

intera tion.
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ÅÔÅÊÒÈÂÍÀ ÌÀ ÍIÒÎÄÈÏÎËÜÍÀ ÀÍIÇÎÒÎÏIß
ÍÀÍÎÌÀ ÍÅÒÈÊIÂ: IÂÍÎÂÀÆÍI ÊÎÍÔI ÓÀÖI
ÍÀÌÀ ÍI×ÅÍÎÑÒI
Â.Ï. Êðàâ÷óê, Ä.Ä. Øåêà

åçþìå
Òåîðåòè÷íî äîñëiäæåíî ðiâíîâàæíi ðîçïîäiëè íàìàãíi÷åíîñòi
â òîíêèõ ìàãíiòíèõ íàíî÷àñòèíêàõ ðiçíîìàíiòíî¨ îðìè â íàáëèæåííi ååêòèâíî¨ àíiçîòðîïi¨, çóìîâëåíî¨ ìàãíiòîäèïîëüíîþ âçà¹ìîäiþ. Ïåðåäáà÷åíî ðîçïîäië íàìàãíi÷åíîñòi ïîáëèçó
ïëîñêîãî êóòà òà äëÿ òîíêèõ ìàãíåòèêiâ ó îðìi ïðàâèëüíèõ
áàãàòîêóòíèêiâ çà óìîâ ñëàáêî¨ îáìiííî¨ âçà¹ìîäi¨. Ïðîâåäåíî
òåîðåòè÷íèé àíàëiç ðîçìiðiâ íåîäíîðiäíîñòåé ó ðîçïîäiëi íàìàãíi÷åíîñòi ïîáëèçó âåðøèíè êóòà. Àíàëiòè÷íi ðåçóëüòàòè äîáðå óçãîäæóþòüñÿ ç äàíèìè ìiêðîìàãíiòíîãî ìîäåëþâàííÿ äëÿ
êâàäðàòíî¨ ïðèçìè.
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