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I. THE GEOMETRY

To describe magnetic properties of a curved antiferromagnetic (AFM) chain we choose

a curvilinear reference frame adapted to the geometry of the object. Let γ(s) be a one-

dimensional (1D) curve embedded in the three-dimensional (3D) space R3 with s being the

arc length. The local TNB reference frame reads

et = γ ′, en =
e′t
|e′t|

, eb = et × en (S1)

with prime denoting the derivative with respect to s, vectors et, en and eb being tangential,

normal and binormal basis vectors, respectively. Their differential properties are given by

the Frenet–Serret formulae:

e′α = Fαβeβ,
∥∥∥Fαβ

∥∥∥ =


0 κ 0

−κ 0 τ

0 −τ 0

 , (S2)

where κ is the curvature, τ is the torsion of the curve γ and Greek indices α, β ∈ T,N,B.

The geometry of a helix with the radius R and pitch P reads

γ = x̂R cos
s

s0
+ ŷR sin

s

s0
+ ẑ

CPs

2πs0
, (S3)

where C = ±1 is the helix chirality and s0 =
√
R2 + P 2/(2π)2. Here, the curvature and

torsion read κ = R/s20 and τ = CP/(2πs20), respectively. The parametrization of a ring

geometry can be obtained from Eq. (S3) using τ = 0 and the periodic boundary condition

γ(s) = γ(s+ 2π/κ).

II. THE MODEL OF CURVILINEAR AFM

We consider an isotropic, intrinsically achiral chain of unit magnetic moments mi labeled

by index i ∈ Z. The total magnetic moment of the site is µ = gµbS with g being the Landé

factor, µb being the Bohr magneton, and S being the spin length. In a continuum limit,

the magnetic structure of a spin chain with the AFM nearest neighbors exchange coupling

corresponds to a two-sublattice AFM with magnetization fields mI,II of each sublattice. It

is convenient to introduce the Néel director n = (mI −mII)/2 and the total magnetization
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vector m = (mI +mII)/2 for further analysis. Dynamics of m and n are described by the

Landau–Lifshitz equations in the form [1]

ṁ = γ0

(
n× δE

δn
+m× δE

δm

)
, ṅ = γ0

(
n× δE

δm
+m× δE

δn

)
, (S4)

where overdot means derivative with respect to time t, γ0 is the gyromagnetic ratio and

E =
∫

E ds is the macroscopic counterpart of the Hamiltonian (1) in the main text. The

energy density reads

E = Λm2 + A(n′)2 +K(n · et)2 −Km(m · et)2, (S5)

where Λ = 2|J |S2/a is the constant of the uniform exchange, A = 2|J |S2a/2 is the ex-

change stiffness with J < 0 being the exchange constant, and a being the distance between

neighboring magnetic moments. The quantities K and Km are anisotropy constants. In this

work, their microscopic origin is the dipole interaction, see Sec. III below.

Assuming that |K|, |Km| � Λ and using a long wave approximation, the total mag-

netization and its derivatives are small, then |m|, |m′|, |m′′| � |n|. Therefore, n can be

considered as a unit vector. Then, Eqs. (S4) can be reduced to the equation of motion for

the Néel vector as [2, 3]

n×
(
c2n′′ − n̈+ ω2

0ntet
)

= 0, (S6)

where c = γ0
√

ΛA/Ms is the characteristic magnon velocity and ω0 = γ0
√

ΛK/Ms is the

characteristic magnon frequency with Ms = µ/(2a). Eq. (S6) can be also obtained within

the Lagrange formalism [1]. The reduced Lagrangian density of the 1D AFM reads

L=
L

K
= (∂τn)2 − E, E=

E

K
= (∂ξn)2 + (n · et)2, (S7a)

where τ = ω0t is the reduced time and ξ = s/` is the reduced coordinate.

Introducing curvature and torsion by bending the magnetic chain, the properties of mag-

netic states of the chain can be drastically changed. The dominant reason is hereby given by

effective magnetic interactions caused by locally curved geometries: (i) curvilinear geometry-

induced effective anisotropy and (ii) curvilinear geometry-induced effective Dzyaloshinskii-

Moriya interaction (DMI) [4, 5]. These effective interactions are driven by the common

isotropic exchange interaction in a curvilinear reference frame, which follows the chain. The

transition into the curvilinear frame of reference is not a mathematical trick, but is phys-

ically conditioned by the presence of the magnetic interactions determined by the sample
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geometry. In particular, such geometry-dependent interaction in the current study is the

effective anisotropy, originated from the dipolar interaction, see Sec. III: the direction of the

anisotropy, et, is locally controlled by the local curvature and torsion of the AFM chain.

The energy of the AFM in the curvilinear reference frame (S1) can be calculated using the

procedure, developed earlier to treat curvilinear ferromagnets (FMs) in Ref. [6], cf. Eq.(2b)

of the main text:

E= Ex + Edm + Ea + (n · et)2, Ex = (∂ξnα) (∂ξnα) ,

Edm = Fαβ (nα∂ξnβ − nβ∂ξnα) , Ea = Kαβnαnβ.
(S7b)

Here, Fαβ = `Fαβ is the reduced Frenet tensor, and Kαβ = FανFβν is the curvilinear

geometry induced exchange driven anisotropy tensor. Its explicit form reads

∥∥∥Kαβ

∥∥∥ =


κ2 0 −κσ

0 κ2 + σ2 0

−κσ 0 σ2

 , (S7c)

where κ = κ` is a reduced curvature and σ = τ` is a reduced torsion. It is useful to

incorporate the constraint |n| = 1 by means of the angular parametrization n = et cos θ +

en sin θ cosφ+ eb sin θ sinφ. Then the density of Lagrangian (S7) reads

L= (∂τθ)
2 + sin2 θ(∂τφ)2 − E,

E= (∂ξθ + κ cosφ)2 + [sin θ (∂ξφ+ σ)− κ cos θ sinφ]2 + cos2 θ.
(S8)

The curvature-induced DMI Edm is linear with respect to the curvature and torsion. While

the torsion-related term determines the helimagnetic phase transition for small curvatures,

the curvature-related term modifies the spin-wave spectrum in background of the homoge-

neous state. The curvature-induced anisotropy Ea is quadratic with respect to the curvature

and torsion. While the dipolar interaction results in the uniaxial anisotropy with the hard

axis along the tangential direction, in the absence of the intrinsic competitors, it determines

the direction of n in the homogeneous state.

III. DIPOLAR INTERACTION IN SPIN CHAINS AS AN EFFECTIVE ANISOTROPY

Here, we will discuss the influence of the magnetic dipolar interaction on the anisotropic

properties of an 1D AFM system. We start from a straight chain with spin sites placed
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along the x axis. The energy of the dipolar interaction reads

Hd = µ2

∞∑
i=−∞
j=1

[
(mi ·mi+j)

r3i,i+j
− 3

(mi · ri,i+j)(mi+j · ri,i+j)
r5i,i+j

]
, (S9)

where ri,i+j = ri+j − ri is a radius-vector between i-th and (i + j)-th site of the chain

with ri,i+j = |ri,i+j|. The first term has a rotational symmetry whereas the second one

is responsible for anisotropic properties in the chain. Let us examine the influence of the

second term in Eq. (S9) on a magnetic texture of the intrinsically isotropic spin chain.

A. Ferromagnetic ordering

If magnetic moments are coupled ferromagnetically within the spin chain, the second

term in (S9) reads

H an
d = −3µ2

a3

∞∑
i=−∞
j=1

mi,xmi+j,x

j3
, (S10)

where mi,x is the projection of i-th unit magnetic moment on ex. The continuum counterpart

of Eq. (S10) for a homogeneous state mi = const reads

E d
a = −Km

∞∫
−∞

(m · ex)2dx, Km =
3ζ(3)µ2

a4
≈ 3.6

µ2

a4
, (S11)

where m is the unit vector of the magnetization and Km is the effective anisotropy con-

stant with ζ(•) being the Riemann zeta function [7], see Fig. S1(a) for comparison with

simulations.

It is instructive to compare the effective anisotropy (S11) with the thin wire limit. The

nonlocal magnetostatic interaction for thin wires of circular and square cross sections is

known to be reduced to the local effective easy-tangential anisotropy, even for the case of

curved wires [8]. The magnetostatically induced effective anisotropy reads Kms = πM2
s

with Ms being the saturation magnetization of the ferromagnet. The numerical value of

dimensionless anisotropy constant Kma
4/µ2 = 3ζ(3) ≈ 3.6 is close enough to its continuum

counterpart Kms/M2
s = π. Therefore, we can conclude that the pure 1D dipolar interaction

induces the effective anisotropy, which mimics the anisotropy of thin wire [9, page 869].

Nevertheless the difference of about 13% is the main reason for the deviation of previous

analytical predictions from the numerical simulations data, see [10].
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FIG. S1. (Color online) Equilibrium states in FM and AFM helix chains. (a) Homogeneous

equilibrium state in FM helices with different curvature and torsion; solid lines correspond to

analytical solutions from Ref. [10, see Eq. (11)], symbols correspond to simulation results: open

diamonds represent simulations where the exchange and dipolar interactions are taken into account

and filled circles represent simulations for the case when the dipolar interaction is replaced by the

single-ion anisotropy with the coefficient Km, see (S11). (b) Homogeneous equilibrium state in

AFM helices with different curvature and torsion; solid lines correspond to analytical solutions

(S23), filled circles represent simulations for the case when the dipolar interaction is replaced by

the single-ion anisotropy with the coefficient K, see (S15). Other notations are similar to (a).

Red dashed lines in (a) and (b) correspond to the boundary between the homogeneous (white

background) and periodic (gray background) states. (c) Diagram of equilibrium states for an

AFM helix spin chain. Open symbols and triangles correspond to periodic and homogeneous

states, respectively, obtained in spin-lattice simulations. Solid red curve σb(κ) shows the boundary

between the states. Green dashed line corresponds to the states boundary asymptotic σb ≈ 0.85κ

for κ � 1. The black curve σc(κ) describes the boundary of linear instability of the homogeneous

state, see (S47).

B. Antiferromagnetic ordering

To derive a continuum counterpart of (S9) for the case of the antiferromagnetic spin

ordering, it is convenient to introduce magnetic moments mI
i and mII

i for each of the two

sublattices. Indices “I” and “II” label odd and even magnetic moments, respectively. In
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terms of the magnetic moments of the sublattices, the anisotropic part of Eq. (S9) reads

H an
d = −3µ2

2a3

∞∑
i=−∞

∞∑
j=1

(
mI

2i,xm
I
2(i+j),x

8j3
+
mI

2i,xm
II
2(i+j)−1,x

(2j − 1)3

+
mII

2i+1,xm
II
2(i+j)+1,x

8j3
+
mII

2i+1,xm
I
2(i+j),x

(2j − 1)3

)
.

(S12)

For the homogeneous state mI
i = −mII

j for any i and j. Therefore the energy (S12) can be

rewritten as follows:

H an
d = −Kma

16

∞∑
i=−∞

[(
mI

2i,x

)2
+
(
mII

2i+1,x

)2
+ 14mI

i,xm
II
i,x

]
. (S13)

The continuum counterpart of (S13) reads

E an
d = −Km

16

∞∫
−∞

[(
mI
x

)2
+
(
mII
x

)2
+ 14mI

xm
II
x

]
dx. (S14)

In terms of the Néel and total magnetization vectors, Eq. (S14) reads

E an
d = −Km

∞∫
−∞

m2
xdx+K

∞∫
−∞

n2
xdx, K =

3

4
Km =

9ζ(3)µ2

4a4
≈ 2.7

µ2

a4
, (S15)

where K is the effective hard-axis anisotropy constant for the Néel vector. It is instructive

to note, while the magnetostatic energy is typically negligible for the AFM, the magnitude

of the dipolar induced anisotropy in AFM, see (S15) is comparable with one in FM, see

(S11).

C. Curvilinear antiferromagnetic spin chains

The expression (S15) remains valid for the case of curvilinear chains if the curvature and

torsion radii are much larger than the distance between magnetic moments, i.e., κa, |τ |a� 1.

We numerically verify the limits of applicability by the evaluation of the effective anisotropy

coefficients for a spin chain (S3) with s = ai and i enumerating magnetic moments. Then,
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the anisotropic part of (S12) reads

H an
d =− 3µ2

2

∞∑
i=−∞

∞∑
j=1

[
(mI

2i · γ2i,2(i+j))(mI
2(i+j) · γ2i,2(i+j))

|γ2i,2(i+j)|5

+
(mII

2i+1 · γ2i+1,2(i+j)+1)(m
II
2(i+j)+1 · γ2i+1,2(i+j)+1)

|γ2i+1,2(i+j)+1|5

+
(mI

2i · γ2i,2(i+j)−1)(mII
2(i+j)−1 · γ2i,2(i+j)−1)

|γ2i,2(i+j)−1|5

+
(mII

2i+1 · γ2i+1,2(i+j))(m
I
2(i+j) · γ2i+1,2(i+j))

|γ2i+1,2(i+j)|5

]
,

(S16)

where γi,i+j = γ(i + j) − γ(i). We consider the homogeneous state mk
i = mk

i,αeiα (in the

local reference frame) with mk
i,α = mk

j,α = const for any i, j with k = I, II. Then, Eq. (S16)

reads

H an
d = −3µ2

2

∞∑
i=−∞

∑
α

∑
β

[
K11
αβm

I
i,αm

I
i,β + K12

αβm
I
i,αm

II
i,β + K22

αβm
II
i,αm

II
i,β + K21

αβm
II
i,αm

I
i,β

]
. (S17)

Coefficients of the anisotropy, induced by the dipolar interaction, Kνυαβ = Kνυαβ(κ, τ) with

ν, υ = 1, 2 are determined by the system geometry

K11
αβ =

∞∑
j=1

[
e2i,α · γ2i,2(i+j)

] [
e2(i+j),β · γ2i,2(i+j)

]
|γ2i,2(i+j)|5

,

K22
αβ =

∞∑
j=1

[
e2i+1,α · γ2i+1,2(i+j)+1

] [
e2(i+j)+1,β · γ2i+1,2(i+j)+1

]
|γ2i+1,2(i+j)+1|5

,

K12
αβ =

∞∑
j=1

[
e2i,α · γ2i,2(i+j)−1

] [
e2(i+j)−1,β · γ2i,2(i+j)−1

]
|γ2i,2(i+j)−1|5

,

K21
αβ =

∞∑
j=1

[
e2i+1,α · γ2i+1,2(i+j)

] [
e2(i+j),β · γ2i+1,2(i+j)

]
|γ2i+1,2(i+j)|5

.

(S18)

In the case of a helix geometry, the coefficients (S18) do not depend on the index i, but on

the curvature κ and torsion τ .

The continuum counterpart of Eq. (S17) in terms of the Néel and total magnetization

vectors reads

E an
d = −

∞∫
−∞

(
Kmm
αβ mαmβ +Kmn

αβ mαnβ +Knm
αβ nαmβ +Knn

αβnαnβ
)

ds, (S19)
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where the coefficients Kfg
αβ (f, g = n,m) are defined as follows

Kmm
αβ =

3

2

(
K11
αβ + K12

αβ + K22
αβ + K21

αβ

)
, Kmn

αβ =
3

2

(
K11
αβ − K12

αβ − K22
αβ + K21

αβ

)
,

Knm
αβ =

3

2

(
K11
αβ + K12

αβ − K22
αβ − K21

αβ

)
, Knn

αβ =
3

2

(
K11
αβ − K12

αβ + K22
αβ − K21

αβ

)
.

(S20)

The coefficients Kfg
αβ depend on the curvature κ and torsion τ . Their explicit form can be

determined by substitution of γ(s = ia) [Eq. (S3)] in the respective Eqs. (S18) with further

calculation of sums.

In the case of |m| � |n|, all terms in Eq. (S19), except the last one, can be neglected.

Therefore, one can simplify Eq. (S19) as

E an
d = Knn

αβ

∞∫
−∞

nαnβds. (S21)

In the case of a helix with pitch and radius being much larger than the lattice constant

a, the coefficient Knn
tt of the hard tangential anisotropy makes the major contribution to

the anisotropy energy. This is illustrated by Fig. S2, where the relative strength of other

anisotropy terms is shown by color. Therefore, one can simplify Eq. (S21) as follows

E an
d = K

∞∫
−∞

n2
tds (S22)

for κa� 1 and τa� 1.

IV. THE HOMOGENEOUS STATE OF AFM HELIX CHAINS

Equilibrium states can be found by solving static Euler–Lagrange equations

F (θ, φ) =
∂E

∂θ
− d

dξ

∂E

∂(∂ξθ)
= 0, G(θ, φ) =

∂E

∂φ
− d

dξ

∂E

∂(∂ξφ)
= 0 (S23)

with the energy density E described by (S8).

Let us specify the system: we consider an antiferromagnetic helix chain (S3) with the

constant curvature κ and torsion σ. Namely the constancy of these parameters provides

the possibility of the homogeneous (in the curvilinear reference frame) solution. Using the

substitution θ(s) = const and φ(s) = const, we get

θhom = π/2− ψ, φhom = π/2,

ψ = arctan
κσ
Kψ

, Kψ =
κ2 − σ2 + K0 + 1

2
, K0 =

√
(1 + κ2 − σ2)2 + 4κ2σ2.

(S24)
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FIG. S2. (Color online) Diagrams of the coefficients Knn
αβ (S20), normalized by K, for different

values of the curvature and torsion. Red dashed line corresponds to the helix pitch P = 2a. The

coefficients increase exponentially in the gray region. In the region of geometric parameters above

the red dashed line the hard-tangential anisotropy with coefficient Knn
tt plays the dominant role in

the system.

In the homogeneous state the Néel vector is tilted from the binormal direction by the angle ψ

in the TB plane, see Fig. S1(b). In the limit case of small curvatures and torsion, κ, |σ| � 1,

the tilted angle ψ ≈ κσ, cf. the main text. It is instructive to mention that one can introduce

the magnetochirality of the state similar to the FM helix. Formally, there exists also the

solution with the opposite magnetochirality: θ = π/2 + ψ and φ = −π/2. Nevertheless,
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being the director, the Néel vector is degenerated with respect to the inversion n → −n,

or the same, (θ, φ)→ (π− θ, φ± π), hence both states with opposite magnetochiralities are

equivalent.

The homogeneous state takes the simplest form in the rotated reference ψ-frame {e1, e2, e3}.

Moreover, the transformation to the ψ-frame provides the diagonalization of the tensor of

the total anisotropy. By rotating the Néel vector in a local rectifying plane by the angle ψ

n = Uñ, ñ = {n1, n2, n3} , U =


cosψ 0 sinψ

0 1 0

− sinψ 0 cosψ

 , (S25)

one can get the Lagrangian density (S7) in the rotated reference frame:

L̃= (∂τñ)2 − Ẽ, Ẽ= (∂ξnι) (∂ξnι) + K1n
2
1 −K3n

2
3 + D1(n2∂ξn3 − n3∂ξn2)

+ D3(n1∂ξn2 − n2∂ξn1) + Ẽ0

(S26)

with nι being the components of the Néel vector is the tilted reference frame. The coefficients

K1 and K3 represent the effective easy-plane and easy-axis anisotropies, respectively, whereas

D1 and D3 correspond to the effective DMI coefficients. They read

K1 = K0 −K3, K3 =
κ2 + σ2 + K0 − 1

2
,

D1 = 2σ
Kψ − κ2√
K2
ψ + κ2σ2

, D3 = 2κ
Kψ + σ2√
K2
ψ + κ2σ2

,
(S27)

with Ẽ0 = κ2 + σ2. In the limiting case of small curvatures and torsions

K0 ≈Kψ ≈ 1 + κ2 − σ2, K1 ≈ 1− σ2, K3 ≈ κ2, D1 ≈ 2σ, D3 ≈ 2κ, when κ, |σ| � 1.

(S28)

Using the angular parametrization for the Néel vector ñ = e1 cos Θ + e2 sin Θ cos Φ +

e3 sin Θ sin Φ, one can rewrite the Lagrangian (S26) as follows:

L̃= (∂τΘ)2 + sin2 Θ(∂τΦ)2 − Ẽ, (S29a)

Ẽ= (∂ξΘ)2 + sin2 Θ(∂ξΦ)2 + K1 cos2 Θ−K3 sin2 Θ sin2 Φ

+ D1 sin2 Θ∂ξΦ + 2D3 sin2 Θ cos Φ∂ξΘ + Ẽ0.
(S29b)

The homogeneous solution (S24) in the ψ-frame reads Θhom = π/2 and Φhom = π/2. Its

energy

Ehom = Ẽ0 −K3. (S30)
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FIG. S3. (Color online) Periodic state in AFM helix: magnetic angles (a) θ and (b) φ as

functions of the angular variable χ along the helix. Solid lines correspond to the numerical solution

of Eqs. (S23) for κ = 0.7 and σ = 1.4. Dashed lines correspond to the solution (S31) with N = 3.

V. THE PERIODIC STATE OF AFM HELIX CHAINS

The homogeneous state can become unfavorable with increasing curvature and torsion.

Taking into account the symmetry of the helix geometry, we are looking for the periodic

state

θper =
π

2
+ θ̄(χ), φper = −χ+ φ̄(χ) (S31a)

with θ̄(χ) and φ̄(χ) being 2π-periodic functions of the angular variable χ =
√
κ2 + σ2ξ. The

symmetry of the static equations (S23) dictates the symmetry of 2π-periodic functions θ̄(χ)

and φ̄(χ), which have the following Fourier expansion

θ̄(χ) =
N∑
η=1

εηAη sin(2η − 1)χ, φ̄(χ) =
N∑
η=1

εηBη sin 2ηχ, (S31b)

where N→∞.

Numerically, we substitute (S31) into the static equations (S23) and expand results over

ε up to the N-th order:

F (θ, φ) =
N∑
η=1

Fη(A1, . . . , Aη;B1, . . . , Bη) sin(2η − 1)χ,

G(θ, φ) =
N∑
η=1

Gη(A1, . . . , Aη;B1, . . . , Bη) sin 2ηχ.

(S32)
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The unknown amplitudes Ai and Bi are found numerically as the solutions of nonlinear

polynomial equations

Fη(A1, . . . , An;B1, . . . , Bη) = 0, Gη(A1, . . . , An;B1, . . . , Bη) = 0, η = 1,N, (S33)

To calculate the energy of the periodic state Eper, we substitute (S31) into the energy (S8),

expand the results over ε up to the 2N-th order and average the energy over the helix period,

Eper(σ,κ) =
1

2π

2π∫
0

E (A1, . . . , Aη;B1, . . . , Bη)dχ. (S34)

VI. THE BOUNDARY BETWEEN STATES

The boundary between homogeneous and periodic states σb(κ), illustrated in Fig. S1(c) [and

Fig.1(c) of the main text] are determined numerically, using N = 3 in (S31). Further increase

of N does not make significant adjustment to the amplitudes Aη, Bη.

It is instructive to obtain the asymptotic behavior of the boundary σb(κ) in the case

κ, |σ| � 1. In this approximation, the homogeneous state reads

θhom ≈
π

2
− κσ, φhom =

π

2
, (S35)

whereas the periodic one is determined as follows

θper =
π

2
, φper ≈ −

√
κ2 + σ2ξ. (S36)

We substitute (S35) in (S8) and expand it into series with respect to ε. It is assumed, that

κ = εκε and σ = εσε. Then, the energy of the homogeneous state per one helix period reads

Ehom = σ2 + O
(
ε3
)
. (S37)

The average energy of the periodic state per one helix period can be obtained with the same

procedure. It reads

Eper =
3

2
κ2 + 2σ

(
σ −
√
κ2 + σ2

)
+ O

(
ε3
)
. (S38)

The boundary between states corresponds to the condition Ehom = Eper. It gives the asymp-

totic relation between curvature and torsion as

σb(κ) = σ0κ, σ0 =

√
2
√

7− 1

6
≈ 0.85. (S39)
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The numerically obtained boundary between states in Fig. 1 of the main text can be

fitted as

σtrial
b (κ) =

2∑
i=0

σiκi+1, (S40)

where σ1 ≈ −0.12 and σ2 ≈ 0.03. The function σtrial
b (κ) fits the numerically calculated curve

with the accuracy of about 1× 10−5, also see Fig. S1(c).

VII. THE GROUND STATE OF AFM FLAT CHAINS

Flat curves are characterized by τ = 0 (the torsion-related DMI dt is absent) and curva-

ture κ with alternating sign in Eq. (S8). In this case, the easy axis e3 is along the eb, which

is oriented perpendicular to the plane of the flat curve. The hard axis e1 is tangential to

the curve and is oriented along et. The energy density E in the Eq. (S8) has a positively

defined quadratic form. It gives the only ground state E0 = 0 with θ0 = φ0 = π/2, which

is analogous of the homogeneous state discussed for the case of the helix. Note, that the

difference between ferro- and antiferromagnetic rings with the anisotropy induced by the

dipolar interaction arises from the sign of the anisotropy coefficient. In ferromagnets, the

shape anisotropy is of the easy-tangential type. Therefore, the magnetic state is a result of

the competition between the exchange and anisotropy [6]. In antiferromagnets, the shape

anisotropy is of the hard-tangential type and the homogeneous state with the order param-

eter perpendicular to the ring plane satisfies both, exchange and anisotropy energy terms.

The periodic state is absent in the case of flat AFM spin chains because the spiraling direc-

tion of the curvature-induced DMI db coincides with the hard axis et of the dipole-induced

anisotropy.

The curvature-induced easy axis anisotropy oriented perpendicular to the plane can con-

tribute to the model Hamiltonian, which is used for the description of Cr-based molecular

wheels with nearest-neighbor exchange and easy axis perpendicular to the wheel plane [11,

12].
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FIG. S4. (Color online) Spin-wave spectrum of the AFM ring: (a) The lowest eigenfrequencies

of linear excitations as a function of the curvature. Solid and dashed lines correspond to the case

of high frequency levels with q = 1 and low frequency ones with q = −1 in (S43), respectively.

Symbols represent the simulation results. (b) Standing waves for different quantum numbers N .

Schematics shows the oscillation type for the given frequency level. Inset below shows profiles of

components of the Néel vector n on the t and b axes.

VIII. SPIN WAVES IN AFM FLAT CHAINS

To illustrate the linear excitations in a flat AFM ring with the ground state n = eb, we

linearize the Euler–Lagrange equations for the Lagrangian (S8) by θ(ξ, t) = π/2+ϑ(ξ, t) and

φ(ξ, t) = π/2 + ϕ(ξ, t). Here, ϑ(ξ, t) and ϕ(ξ, t) are small deviations from the equilibrium

state. The corresponding equations read

∂ξξϑ− ∂ττϑ = K0ϑ+ D3∂ξϕ, ∂ξξϕ− ∂ττϕ = K3ϕ− D3∂ξϑ. (S41)

It is instructive to compare Eqs. (S41) with their dimensional form

Aϑ′′ − Ac−2ϑ̈ = K0ϑ+D3ϕ
′, Aϕ′′ − Ac−2ϕ̈ = K3ϕ−D3ϑ

′, (4)

The constants in the (4) can be obtained by the scaling K0,3 = A`−2K0,3 and D3 = A`−1D3.

The dispersion law for magnons can be written using the plane waves ansatz

ϑ(ξ, τ) = ϑN cos(κN −Ωτ), ϕ(ξ, τ) = ϕN cos(κN −Ωτ), (S42)
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where ϑN , ϕN are small amplitudes, N ∈ Z+ is the quantum number and Ω = Ω/ω0 is the

reduced frequency. Then, the dispersion reads

Ω2 =
K0 + K3

2
+ κ2N2 +

q

2

√
K2

1 + 4D2
3κ2N2. (S43)

The high frequency levels with q = 1 take nonzero values for any curvature whereas the

low frequency ones with q = −1 are strongly influenced by the curvature. Low and high

frequency levels accommodate modes, which are oscillations in normal and rectifying sur-

faces, analogous to zx and zy modes in straight systems [13]), see Fig. S4(b). The quantum

number N determines the type of oscillations of the Néel vector, i.e. N = 0 corresponds to

the homogeneous oscillation, N = 1 gives the uniform rotation etc.

IX. SPIN WAVES IN AFM HELICES AND STABILITY OF THE HOMOGE-

NEOUS STATE

To describe spin waves in an AFM helix, we linearize dynamic equations, which follow

from the Lagrangian (S29), on the background of the homogeneous state, Θ(ξ, τ) = π/2 +

ϑ(ξ, τ) and Φ(ξ, τ) = π/2+ϕ(ξ, τ). Similar to the ring case, we get the linear set of equations

in the form (S41). The dispersion law for spin waves is analyzed by considering the solutions

of the linear set of equations (S41) in the form of plane waves,

ϑ(ξ, τ) = ϑk cos(kξ −Ωτ), ϕ(ξ, τ) = ϕk sin(kξ −Ωτ), (S44)

where ϑk, ϕk ∈ R are constant spin-wave amplitudes. The wave vector k = ket is oriented

along the tangential direction, k = k` is the reduced wave number. By substituting the

plane wave solutions (S44) into the linearized equations (S41), we get the dispersion law for

the spin waves:

Ω2 =
K0 + K3

2
+ k2 +

q

2

√
K2

1 + 4D2
3k

2, (S45)

cf. Eq. (5) of the main text. It is instructive to compare the symmetry of the dispersion law

of spin waves in AFM helices (S45) and FM ones [10]. Note that there are two curvilinear

geometry induced DMI terms, D1 ∝ τ and D3 ∝ κ. In the current study we consider spin

waves on the background of the homogeneous ground state with ñ3 = 1. In both geometries

(ring and helix) the dynamical magnetization is necessarily orthogonal to ñ3, providing n1

and n2 components only, i.e. the DMI term with D3 ∝ κ is essential for the spin waves.
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That is why the dispersion remains its symmetry, while the asymmetric dispersion law is

typically related to the torsion induced DMI term as in the case of the FM helix, see [10].

The spectrum consists of two branches with q = ±1. The low frequency branch with

q = −1 has a gap δ. The depth of the gap increases with curvature and torsion, see Fig. 2(c)

of the main text. There is a critical value of torsion σc(κ), where the gap vanishes, which

results in the instability of the homogeneous state and is determined by the conditions

Ω(kc)
∣∣∣
q=−1

= 0, ∂kΩ(kc)
∣∣∣
q=−1

= 0 (S46)

with the critical value of the wave number kc =
√

D4
3 −K2

1/(2D3). The critical curve σc(κ)

can be found as a solution of the algebraic equation:

D2
3

[
2 (K0 + K3)− D2

3

]
= K2

1 (S47)

The numerically calculated critical curve is plotted with a black line in Fig. S1(c). In the

region between the boundary curve σb(κ) and the instability curve σc(κ), see Fig. S1(c), the

homogeneous state becomes metastable.

X. SIMULATIONS

We numerically investigate static and dynamic states in AFM helices and rings using

the spin lattice simulator SLaSi [14, 15]. SLaSi supports arbitrary chain geometries and

periodic boundary conditions. For the numerical investigations we consider a classical chain

of magnetic moments mi, i = 1,N , placed at the respective geometry (helix or ring) with

N being the number of sites in the chain. The dynamics of each magnetic moment is

governed by the Landau–Lifshitz–Gilbert equation for the Hamiltonian

H = −JS
2

2

∑
i

mi ·mi+1 −
µ

2

∑
i

mi ·Hd
i . (1)

Here, S is the spin length, J < 0 is the exchange integral, µ = gµbS is the total magnetic

moment of one site with g being Landé factor, and µb being Bohr magneton. The dipolar

field at i-th site reads

Hd
i = −µ

∞∑
j=1+i

mjr
2
ij − 3rij(mj · rij)

r5ij
(S48)

with rij being the radius-vector between i-th and j-th sites and the distance between neigh-

boring sites ia equal a.
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To analyze the static states, the overdamped system (Gilbert damping αg = 0.5) with

the magnetic length ` = 10a is considered. The ground state for a given helix geometry is

determined as a state of the minimal energy obtained via the relaxation dynamics from (i)

three homogeneous states for the Néel vector along axes of the Cartesian reference frame;

(ii) the homogeneous state in the local reference frame; (iii) random distribution of magnetic

moments.

To verify the accuracy of the effective anisotropy approach, we performed simulations

with the dipolar interaction replaced by a signle-ion anisotropy Ha = Ka

∑
i(µi · eti)2,

where Ka is the anisotropy coefficient and eti = et (s = ai). The Ka is chosen to match the

resulting magnetic length ` with the case of the dipolar interaction, see Fig. S1(b).

To obtain the dispersion of spin waves with respect to the ring curvature, we perform a

set of simulations for AFM rings of equal length with N = 500 sites and different magnetic

length, which determines the reduced curvature κ. The initial magnetic texture is given

by (S42) for N = 0, N = 1 and N = 2. The spectrum is obtained numerically from the

relaxation dynamics with αg = 0.0001.

There are two steps to compute magnon spectra in helices, shown in Figs. 2 (a, c) of the

main text: During the first step, the system is relaxed in the overdamped regime (αg = 0.5)

in the external magnetic field

Hext(i) = (−1)iH0sinc

(
i−N /2

λ

)
eti, (S49)

where sinc(x) = sin(x)/x [16], and H0 = 1 mT is the amplitude and λ = `/(2a) determines

the maximal excited wave number. The initial distribution of magnetic moments was aligned

parallel or antiparallel to the binormal. In the second step, the field is switched off, and the

magnetization dynamics is initiated under the nominal damping parameter αg = 0.0001.

Then the spatial-temporal Fourier transform is performed for one of the magnetization

components to study the spin wave spectrum.

We also perform similar simulations of helices with the FM exchange constant (J > 0).

We use the value of Km as an effective anisotropy constant for systems with magnetic dipole-

dipole interaction to satisfy the chosen magnetic length by appropriately choosing J . The

simulations and analysis were made in the same way as for the case of AFM helices. The

results are presented in Fig. S1(a), (c.f. Fig. 2 in Ref. 10).

Simulations were performed using the High–performance computing clusters of Taras
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Shevchenko National University of Kyiv [17] and IFW Dresden.
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