
PHYSICAL REVIEW B 111, 184419 (2025)
Editors’ Suggestion
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Curvilinear geometries in magnetic nanostructures provide a unique platform for exploring the interplay
among symmetry, topology, and curvature in magnetization dynamics. In this paper, we analytically study
the static and dynamic properties of magnetic domain walls in biaxial magnetic nanotubes with intrinsic
Dzyaloshinskii-Moriya interaction of different symmetries. We show that geometry-driven local and nonlocal
interactions govern domain profiles and dynamics, enabling precise control over wall propagation and Walker
breakdown field. Furthermore, the combination of bulk-type Dzyaloshinskii-Moriya interaction and curvature
leads to chirality symmetry breaking and chiral breakdown in magnetic domain wall motion. These findings offer
a framework for tailoring domain wall textures in cylindrical nanotubes, unlocking functionalities for advanced
applications in curvilinear magnonics and data storage technologies.

DOI: 10.1103/PhysRevB.111.184419

I. INTRODUCTION

Domain walls (DWs) in ferromagnetic nanostructures rep-
resent a cornerstone of modern magnetism, with significant
implications for spintronic and data storage technologies
[1–6]. Ferromagnetic thin films [7–14], nanowires [15–20],
and nanotubes [21–31] exhibit a wide variety of magnetic
DW configurations, including Bloch and Néel walls, as well
as more exotic hybrid textures driven by the Dzyaloshinskii-
Moriya interaction (DMI) [32,33]. The specific properties
of these DWs—such as their magnetization profile, stability,
mobility, and chirality—are determined by the underlying
geometry and interactions within the material, allowing for
tailored functionalities in advanced applications.

The stabilization of magnetic DWs depends on a complex
interplay of forces, with key contributions from exchange
interactions, magnetic anisotropy, DMI, and magnetostatic
(dipole-dipole) interactions. In particular, local intrinsic DMI
induces nontrivial chiral spin textures, such as skyrmions
and chiral DWs, while magnetostatics shapes the overall
energy landscape altering the texture profile and influences
their dynamics [34–38]. In confined systems, nonlocal dipole-
dipole interactions can give rise to chiral structures even in
the absence of DMI [35,36]. However, in thin-film geome-
tries, magnetostatics merely contributes to the local magnetic
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anisotropy energy [39,40], thereby primarily affecting the DW
width.

In systems with curvilinear geometries, curvature and
topology offer numerous intriguing effects that enrich the
magnetic texture scenery [41–43]. Curvature influences both
the static and dynamic of magnetization textures. The most
prominent manifestation of curvature-induced effects are
topological patterning and geometric magnetochiral effects
[44]. A paradigmatic example of curvature-induced effects
is offered by magnetic nanotubes [21–31,45–47]. These
structures have become experimentally accessible through
advanced fabrication techniques [31,48,49] and offer an im-
portant platform for next-generation technologies, including
magnetic sensors, memory elements, and spintronic devices
[50]. Magnetic nanotubes offer enhanced stabilization and
control over DWs, providing new degrees of freedom through
geometry-induced effects on DMI, anisotropy, and magne-
tostatic contributions. For instance, pattern-induced chiral
symmetry breaking can occur in nanotubes due to the
dipole–dipole interaction: two energetically equivalent vortex
DWs with opposite chiralities can exhibit different dynamic
properties [22,24,26], leading to the suppression of Walker
breakdown [51] and the Cherenkov-like radiation of magnons
for fast DWs [21,52]. The nonlocal dipole-dipole interaction
in the vortex state tube introduces effects in magnetization
dynamics not present in flat systems of the same material,
such as asymmetric spin-wave propagation [53,54]. The joint
action of intrinsic DMI and geometry-governed exchange-
driven DMI gives rise to mesoscale DMI providing different
opportunities for geometrical manipulations of material re-
sponses [55]. In tubular geometry, mesoscale DMI becomes a
source of a new type of inclined DWs [56,57] and high veloc-
ities of vortex DWs [27,29] in magnetic nanotubes subjected
to magnetic fields and spin-polarized currents.
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In this paper, we demonstrate the profound influence of
curvature on the static and dynamic properties of DWs in
biaxial magnetic nanotubes with intrinsic DMI of different
symmetries. We establish that the interplay between bulk-type
DMI and curvature results in chirality symmetry breaking,
driven by a preferred combination of DW topological charge
and helicity. In a vortex magnetic field, this causes a chiral
breakdown in DW propagation, whereas in an axial magnetic
field it defines the direction of the DW motion.

We further show that for nanotubes with interfacial-type
DMI, the DW profiles and dynamics are governed by the
geometry-induced competition between local and nonlocal
effects. While this symmetry configuration restrains chiral
effects, it allows for tailored control over the Walker limit in
an external magnetic field.

II. MODEL OF A MAGNETIC NANOTUBE

We consider a ferromagnetic cylindrical tubular shell
of constant thickness W and mean radius R, described
by the curved surface ς(x1, x2) = γ (x1) + x2ẑ with γ =
R cos(x1/R)x̂ + R sin(x1/R)ŷ, see Figs. 1(a) and 1(b). Here,
x1 and x2 are curvilinear coordinates on the surface ς. The
introduced parametrization ς(x1, x2) induces Euclidean met-
ric gαβ = δαβ and the tangential basis eα = ∂ας, where e1 =
∂1γ is the unit vector tangential to γ and e2 = ẑ. The basis
{e1, e2} is orthonormalized, thus the unit surface normal is
introduced as e3 = e1 × e2. This is a particular case of the
cylinder surface parametrization [56], which corresponds to
the conventional cylindrical coordinate system.

Curvilinear properties of the surface ς are completely
determined by the only parameter: curvature κ = 1/R of
the curve γ . We assume that the thickness W of the film
is small enough to ensure that the magnetization M is
uniform along normal direction e3 (coordinate x3). The en-
ergy of such a magnetic tube we model with the following
functional:

E[m] = E

E0
=

∫∫
[EX + dED + EA]dξ1dξ2 + EMS

wQ
, (1)

where m = M/Ms, Ms is the saturation magnetization, E0 =
Ka�

3w with Ka > 0 being the easy-axial (along e1) anisotropy
constant arising from sample growth [30,58], � = √

A/Ka is
the characteristic length scale of the system (magnetic length),
with A being exchange stiffness, ξα = xα/� are dimensionless
curvilinear coordinates, w = W/� is the dimensionless film
thickness, Q = 2Ka/(μ0M2

s ) is the anisotropy quality factor
of a material, and μ0 is the magnetic permeability of vacuum.
The first integral part on the right-hand side of (1) comprises
the local energy terms. The first term in square brackets is
energy density of the nonuniform exchange, EX = −m · ∇2m.
The second term corresponds to the DMI energy density ED,
with d = D/

√
AKa being the dimensionless DMI constant.

We consider two types of DMI: (i) E b
D = m · [∇ × m] is ap-

plicable for systems with T and O symmetries [59]. In the
following this is called bulk-type DMI. (ii) E i

D = −m · [(e3 ×
∇) × m] is valid for ultrathin films [7,60], bilayers [61], or
materials belonging to Cnv crystal classes. In the following,
we call this DMI of interfacial type. Here and below, in-
dices b and i correspond to the bulk and interfacial DMI

FIG. 1. Static domain walls in a cylindrical shell with bulk-type
DMI. (a), (b) Schematic representation of a magnetic texture on a
cylindrical tubular shell of mean radius R and thickness W . Magne-
tization m (green arrows) forms a tilted vortex state at equilibrium
(a) and is parametrized by angles {θ, φ} in ψ-rotated reference frame
(b). (c) Numerical simulation results (symbols) for magnetization
components μα in the rotated reference frame (2). Lines correspond
to the analytical ansatz (5) with equilibrium DW profile parameters
(7). Panel (d) illustrates the reconstructed magnetization distribution
from (c) in an unrolled cylindrical shell with pCd < 0. Color scheme
corresponds to the normal to the surface magnetization component
μ3. Green arrows show the DW magnetic texture, m(ξ2), in which μ3

is amplified (2 times) for visibility due to its small magnitude. Param-
eters used in numerical simulations are p = 1, d = 0.25, ε = 0.5,
and κ = 0.2, resulting in the tilt of m by a small angle ψ ≈ 0.025.
(e) DW with the opposite chirality, pCd > 0.

types, respectively. The third term in square brackets corre-
sponds to the biaxial anisotropy EA = 1 − (m · e1)2 + ε (m ·
e3)2 with anisotropy ratio ε = Ks/Ka > 0, where Ks is the
easy-surface anisotropy constant. The case with ε > 1 cor-
responds to the nanotubes, experimentally studied by Josten
et al. [30]. The last energy term in (1) describes the non-
local magnetostatic energy due to dipole-dipole interactions,
EMS = ∫

dξ
∫

dξ′(m(ξ) · ∇)(m(ξ′) · ∇′)|ξ − ξ′|−1.
In the following sections, we separately consider the two

types of DMI, deriving the DW magnetization profiles that
minimize energy functional (1) for each case, and then ana-
lyze the DW dynamics in an external magnetic field.
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III. DOMAIN WALL ON A NANOTUBE
WITH BULK-TYPE DMI

In the absence of DMI, the equilibrium magnetization tex-
ture forms a vortex state with mv(ξ1) = e1 [58]. Stabilized
mainly by anisotropy Ka, the vortex state is favorable for
κ < 2

√
1 + ε/π , see Appendix A. The symmetry of bulk-

type DMI, E b
D = m · [∇ × m], favors the emergence of the

magnetization component m3, normal to the surface of the
nanotube. The DMI also inclines the magnetization, leading
to the tilted vortex state, see Fig. 1(a). The direction of this
deviation, determined by a tilt angle ψ ≈ −dκ/2, depends
on the sign of DMI constant d , see Appendix B 1 for details.
Note that the tilt is proportional to the dimensionless curvature
κ = �/R.

To parametrize the unit vector of magnetization, we first
rotate the reference frame in the local rectifying surface by
the angle ψ , as shown in Fig. 1(b). The magnetization in the
rotated ψ frame {eψ

1 , eψ

2 , eψ

3 ≡ e3} reads

m = μαeψ
α = cos θeψ

1 + sin θ
(

cos φeψ

2 + sin φe3
)
, (2)

where angular variables θ and φ depend on the spatial and
temporal coordinates. In the following, mα denote the compo-
nents of vector m in the conventional cylindrical coordinate
system, while μα correspond to the components of the same
vector in the rotated reference frame. Using this reference
frame, we diagonalize the effective anisotropy energy density
of the cylinder (Appendix B 1). The total local energy density
in the rotated frame of reference reads ({α, β} = {1, 2}),

E b = ∂αμβ∂αμβ − Kb
1μ

2
1 + Kb

3μ
2
3

+ Db(α)
β3 (μβ∂αμ3 − μ3∂αμβ ). (3)

Coefficient Kb
1 characterizes the strength of the effective easy-

axis anisotropy, while Kb
3 gives the strength of the effective

easy-surface anisotropy. The parameters Db(α)
β3 can be inter-

preted as mesoscale DMI coefficients [55]. In the case of small
curvature and DMI strength, the effective anisotropy and DMI
constants can be attributed to the geometrical parameters of
the system,

Kb
1 ≈ 1 − κ

2(1 − d2/2), Kb
3 ≈ ε + κ

2(1 − d2/4),

Db(1)
13 ≈ −2κ + κd2/2, Db(2)

13 ≈ d,

Db(1)
23 ≈ −d − dκ

2, Db(2)
23 ≈ κd2/2. (4)

The nonlocal magnetostatic energy term in (1), EMS, com-
prises the interactions between the surface, σ± = ±m3, tan-
gential, ρ = −∂1m1 − ∂2m2, and geometrical, g = −m3/x3,
magnetostatic charges [43]. In the considered tubular ge-
ometry, both anisotropy and magnetostatics favor a uniform
tangential magnetization (competing with the DMI contribu-
tion), and thus it is only the DW region that is charged. The
ψ rotation of the reference frame does not affect σ nor g
since μ3 = m3, and the tangential charge is rotation-invariant,
ρ = −∂1μ1 − ∂2μ2.

Here, we consider the thin-shell limit case, wκ � 1, in
which the leading contribution to magnetostatic energy comes
from the surface charges and is local and linear in w. All other
interactions are nonlocal and scale as higher order on the shell

thickness w [39,40,62]. Moreover, the magnetic symmetry
of terms corresponding to interactions Eρ−ρ

MS , Eg−g
MS , and Eσ−g

MS

restricts symmetry breaking and cannot lead to chiral effects,
resulting in a small correction of o (w) to the total energy.
Based on these considerations, we include the local part of
magnetostatic energy in the energy density (3) as Eσ−σ

MS =
w

∫∫
μ2

3dξ1dξ2 (see Appendix B 3) by explicitly shifting the
anisotropy coefficient in (4): ε = ε + Q−1. Further, we derive
the possible static magnetization configurations by variation
of the total energy functional with density (3), and discuss the
remaining magnetostatic terms Eσ−ρ

MS and Eg−ρ
MS based on the

symmetry of the obtained variational ansatz.

A. Static domain wall solution

The ground-state magnetization textures arising from the
energy functional (1) with bulk-type DMI form two tilted
vortices with cos θtv = C = ±1, which correspond to the two
possible directions of the vortex circulation: clockwise with
C = 1 [see Fig. 1(a)] and counterclockwise with C = −1. The
structure of a DW between two tilted vortices with opposite
circulations can be described analytically with the following
ansatz (see Appendix B 2):

cos θb
DW = −p tanh

ξ2

�
, φb

DW = Φ. (5)

Here, p = ±1 is a topological charge of the DW, and � =
1/

√
Kb

1 is a DW width. In the absence of DMI, ansatz
(5) with cos �0 = C = ±1 becomes an exact solution, see
Appendix B 2. We now investigate the finite curvature effects
on the magnetization distribution in DWs in nanotubes. We
apply a variational approach by using (5) as a DW ansatz with
the DW width � and initial phase Φ being the variational
parameters. By substituting (5) into the energy density func-
tional (3), accounting for the surface magnetostatic energy
term and integrating over ξ1 and ξ2, we obtain

Eb
DW

2π/κ

= 2

�
+ 2�

[
Kb

1+ Kb
3 sin2 Φ

] + pπDb(2)
13 sin Φ. (6)

The first two terms on the right-hand side in (6) de-
termine the competition of the nonuniform exchange and
anisotropy contributions, while the third term originates from
the mesoscale DMI and demonstrates the coupling between
the DMI strength Db(2)

13 , DW topological charge p, and helicity
C. By introducing the DW phase Φ = Φ0 + Φ̃, one can write
the last term as pCπDb(2)

13 sin Φ̃. This term depends on the
chirality of a DW, defined by the sign of the product (pCd ).

With the variational ansatz (5), we can estimate the re-
maining nonlocal contributions to magnetostatic energy Eσ−ρ

MS

and Eg−ρ
MS , which favor the coupling between the normal mag-

netization component μ3 and the gradient of the tangential
component ∂2μ2, potentially allowing for the chiral effects,
such as dynamic chiral symmetry breaking effects observed
in [22–24] and the static nonlocal chiral symmetry breaking
effect observed in [63]. However, in the DW configuration
on a nanotube with bulk-type DMI (Fig. 1), the components
μ2 and μ3 have the same parity with respect to ξ2 → −ξ2,
so energy terms Eσ−ρ

MS and Eg−ρ
MS are the same for the DWs of

different chiralities shown in Figs. 1(d) and 1(e) and Figs. 2(b)
and 2(c). Since no nonlocal chiral effects are expected, and the
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FIG. 2. DW motion in the applied vortex magnetic field in nanotubes with bulk-type DMI. (a) DW velocity V b as a function of applied
vortex magnetic field h = he1. Velocity is measured with respect to DMI-free Walker velocity VW, and the value of the magnetic field is
given in units of DMI-free Walker field h0

W (12) (dotted-vertical-light-gray line). Solid black line is the DW velocity in a traveling-wave regime
(11a). Colored lines correspond to the numerical solution of the equations of motion (10). Dashed-vertical-light-gray lines mark the analytically
predicted values for the chiral breakdown field hb

C and Walker field hb
W. The inset shows the enlarged area of the plot where the chiral breakdown

occurs. Symbols correspond to the results of numerical simulations (Appendix D). Panels (b) and (c) schematically illustrate the DW structures
of opposite helicities, C = ±1, in nanotubes. The hand icons visualize the interplay between the DW helicity and the magnetic field: the thumbs
point in the direction of C e2, while the fingers curl along the orientation of the vortex field h. (d) Time evolution of the DW position q for
DWs of different helicities in the vortex magnetic field h/h0

W = 0.7, extracted from numerical simulations. Solid-blue lines correspond to the
DW with favorable helicity, C = +1 (b), dashed-red line to the DW with C = −1 (c), and dash-dotted-black line indicates the transient stage.
(e) Formation of a vortex-antivortex pair during the transient stage, shown by magnetization streamlines. (f) Snapshots of the magnetization
texture in the unrolled nanotube before (t = 100), during (t = 825), and after (t = 1450) the DW helicity switching. Three time points are
shown in (d) with orange stars. The middle snapshot captures the vortex-antivortex pair mediated breakdown shown in (e). Green and magenta
lines in (f) and (e) correspond to isosurfaces with μ1 = 0 and μ2 = 0, respectively. Parameters used in simulations are p = ±1, d = 0.25,
κ = 0.2, η = 0.01, and ε = 0.5. Color schemes in (b) and (e), (f) correspond to the μ1 and μ2 components, respectively.

order of these energy terms is o (w) [39,40,62,64], we con-
sider only the local surface magnetostatic contribution Eσ−σ

MS

as described above.
The minimization of (6) with respect to the DW width and

phase results in the following equilibrium values:

�b
0 =

√√√√ 1

Kb
1

− 1

Kb
1Kb

3

[
Db(2)

13

d0

]2

,

sin Φb
0 = −p

Db(2)
13

d0

√
Kb

1/Kb
3√

Kb
3 − [

Db(2)
13 /d0

]2
, (7)

where d0 = 4/π is the critical value of DMI that separates
homogeneous and inhomogeneous magnetization textures in
planar easy-axial systems [65]. The case of small curvature
and DMI strength corresponds to �b

0 ≈ 1 + [κ2 − (d/d0 )2

ε
]/2

and Φb
0 ≈ Φ0 − pC d

d0ε
, valid for d/d0 < ε. The comparison

of these predictions with numerical simulations is in good
agreement, see Fig. 1(c).

B. Domain wall dynamics in an external magnetic field

The interaction of a magnetic texture with an external
magnetic field is described by the Zeeman energy density
EZ = −2h · m = −2hψ · μ, where h = H/HA is the normal-
ized external magnetic field with HA = 2Ka/Ms being the
anisotropy field.

To derive effective equations of DW motion, we use col-
lective variable approach based on a q − � model [66]

cos θb
DW =−p tanh

ξ2 − q(t )

�
, φb

DW = Φ(t ), (8)

where q and Φ are time-dependent collective variables. Here
and below, we consider dimensionless time measured in units
of γ0Ka/Ms, where γ0 is the gyromagnetic ratio.

1. The case of a vortex magnetic field

First, we consider the dynamics of DWs in a nanotube
in a vortex magnetic field. The magnetic field is oriented in
the tangential direction to the nanotube’s surface, h = he1,
which can be realized as an Ørsted field induced by a current
flowing along the tube symmetry axis. In the rotated reference
frame, hψ = h(cos ψeψ

1 − sin ψeψ

2 ). By substitution of ansatz
(5) into the Zeeman energy and integration over ξ1 and ξ2, we
obtain

Eb
Z

2π/κ

= −2h(2pq cos ψ − π� cos Φ sin ψ ). (9)

Here, the first term (∝ h cos ψ) pushes the DW along the
tube axis, while the second term (∝ h sin ψ) results in the
deformation of the DW profile. However, in our case, we have
| sin ψ | ≈ |dκ/2| � 1, and as a result, we can neglect the
dynamical changes of the DW width.

184419-4
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In terms of the collective variables, the equations of motion
take the form (for details see Appendix B 4)

η

�
q̇ + p Φ̇ = 2ph cos ψ,

q̇ − η�Φ̇ = 2p
Db(2)

13

d0
cos Φ + Kb

3� sin 2Φ

− πh� sin Φ sin ψ. (10)

Here, overdot denotes the time derivative with respect to
dimensionless time, and η is the Gilbert damping parame-
ter. The DW width is assumed to be a slave variable [67],
i.e., �(t ) = �[Φ(t )] = 1/

√
Kb

1 + Kb
3 sin2 Φb . The behavior

of the DW width is discussed in detail in Appendix B 4.
The set of equations (10) has a traveling-wave regime with

q̇ = V b = const and Φ̇b = 0. The corresponding DW velocity
and phase are

V b = 2p
h �b

0

η
cos ψ ≈ 2

p h

η

[
1 + 1

2

(
κ

2 − 1

ε

d2

d2
0

)]
, (11a)

Φb ≈ Φb
0 + h

ηε

[
1 − κ

2

ε
+ d

d0ε

(
d

d0ε
− Chκ

)]
. (11b)

The resulting DW velocity (measured with respect to the
DMI-free Walker velocity VW = (ε + κ

2)
√

2/
√

2 + ε − κ
2)

as a function of the applied field is presented in Fig. 2(a). The
traveling-wave solution exists for the fields h < hb

W, where

hb
c ≈ h0

W + pC η√
2

d

d0
, h0

W = η

2
(ε + κ

2). (12)

Here, h0
W is the Walker field for a DMI-free biaxial fer-

romagnetic nanotube. Estimated experimental values and
typical time evolution of the parameters are given in
Appendixes B and D.

For a fixed DW topological charge and a sign of DMI
strength [e.g., for sign(pd ) = +1] we can introduce two crit-
ical fields, namely: Walker field hb

W = h0
W + ηd/(

√
2d0) for

a DW with C = +1, Fig. 2(b) and chiral field hb
C = h0

W −
ηd/(

√
2d0) for a DW with C = −1, Fig. 2(c). The chiral field

acquires two distinctive features: (i) at h < hb
C the “unfavor-

able” DW helicity C = −1 has lower average velocity than
for the opposite helicity, see Fig. 2(a); (ii) at hb

C < h < hb
W

the average velocity is the same for both initial helicities
because after the transient stage only one helicity survives,
i.e., we have the traveling-wave motion with a single flip of the
phase with Φb → Φb + π . Movies within the Supplemental
Material [68] capture the dynamics of DWs with different
helicities. During the transient stage, marked in Fig. 2(d) with
black-dashdotted lines, the DW with “unfavorable” helicity
slows down during the phase flip and subsequently moves
at a constant velocity. The DW helicity switching mecha-
nism, illustrated by snapshots of simulated configuration in
Fig. 2(f), occurs through the nucleation of vortex-antivortex
pairs [Fig. 2(e) and the middle snapshot in Fig. 2(f)], fol-
lowed by their annihilation, akin to the process described
for vortex DWs in [23]. The origin of the vortex-antivortex
pair generation is the nonlinear resonance of magnon modes
with nonlinear coupling, the process originally studied for the
planar vortex dynamics [69,70]. Finally, at h > hb

W we see a
sudden drop in the average DW velocity, see Fig. 2(a), which

is typical for Walker breakdown. Here, both helicities period-
ically transform into each other as they propagate, showing
periodic oscillations over the tube axis, so that the resulting
average velocity is independent of the helicity.

The chirality-assisted DW behavior shown in Fig. 2 resem-
bles the dynamics of head-to-head (tail-to-tail) vortex DWs in
magnetic nanotubes studied in [22–24] and reflects geometry-
induced chirality symmetry breaking. However, unlike the
referenced studies, which focus on DMI-free systems where
chiral symmetry breaking originates nonlocally from mag-
netostatic interactions, here we observe a local chiral effect,
arising from the interplay between bulk-type DMI and curvi-
linear geometry.

2. The case of an axial magnetic field

Next, we study the dynamics of DWs in a nanotube with an
external magnetic field oriented along the tube axis, i.e., h =
he2, or, in the rotated frame of reference, hψ = h(sin ψeψ

1 +
cos ψeψ

2 ). Note that here we consider magnetic fields below
the Walker field (h � hW). By substitution of ansatz (5) into
the Zeeman energy and integration over ξ1 and ξ2 we obtain

Eb
Z

2π/κ

= −2h(2pq sin ψ + π� cos Φ cos ψ ). (13)

Here, similarly to the case of the vortex field, we also have one
term that pushes the DW (∝ h sin ψ) and one that deforms the
DW profile (∝ h cos ψ). In this case, we restrict ourselves to
the case of weak fields h � h0

W, in order to avoid dynamical
deformations of the DW profile.

In terms of the collective variables, the equations of motion
take the form (for details see Appendix B 4)

η

�
q̇ + p Φ̇ = 2ph sin ψ,

pq̇ − η�Φ̇ = 2p
Db(2)

13

d0
cos Φ + Kb

3� sin 2Φ

+ hπ� sin Φ cos ψ. (14)

This set of equations has a traveling-wave regime with q̇ =
V b = const and Φ̇b = 0,

V b = 2p
h�b

0

η
sin ψ ≈ −p

dκ

η
h, (15a)

Φb ≈ Φb
0 + hd

2ε(2Ch + εd0)

(
pπ − d0εκ

η

)
. (15b)

From (15) we can see that a DW has a finite velocity, and the
direction of the DW motion is defined by the sign of product of
the DW topological charge p, and DMI strength d , see Fig. 3.
The finite velocity (15a) in an axial magnetic field is possible
by the joint action of bulk-type DMI and curvature. In this
case, the magnetization in the equilibrium state deviates from
the easy-axis direction, and h · mtv = Ch sin ψ 	= 0.

IV. DOMAIN WALL ON A NANOTUBE WITH
INTERFACIAL-TYPE DMI

In contrast to the case of bulk-type DMI discussed in
Sec. III, the symmetry of interfacial-type DMI, E i

D = −m ·
[(e3 × ∇) × m], follows the in-surface easy direction e1;
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FIG. 3. DW motion in an axial magnetic field in nanotubes with
bulk-type DMI. DW velocity V b is plotted as a function of applied
axial magnetic field h = he2. Velocity is measured in units of DMI-
free Walker velocity VW, and the magnetic field is given in units of
DMI-free Walker field, h0

W. Lines correspond to the traveling-wave
regime of motion (15a) for DWs of different topological charge, p =
±1, while symbols correspond to the results of numerical simulations
(Appendix D), where we use p = ±1, d = 0.25, κ = 0.2, η = 0.01,
and ε = 0.5.

therefore, the equilibrium magnetization texture forms one
of two possible vortex states, mv = Ce1 with C = ±1, see
Fig. 4(a). In this case, the unit vector of magnetization can
be parametrized with angular variables (�, �) as shown in
Fig. 4(b),

m = cos �e1 + sin �(cos �e2 + sin �e3), (16)

where � and � depend on the spatial and temporal
coordinates.

The energy density for a nanotube with interfacial DMI can
be written in the form, which is similar to the case of the bulk-
type DMI (3),

E i = ∂αmβ∂αmβ − Ki
1m2

1 + Ki
3m2

3

+ Di(α)
β3 (mβ∂αm3 − m3∂αmβ ), (17)

with effective anisotropy and mesoscale DMI constants

Ki
1 = 1 − κ

2, Ki
3 = ε + κ(κ + d ),

Di(1)
13 = −(d + 2κ), Di(2)

13 = 0,

Di(1)
23 = 0, Di(2)

23 = −d. (18)

Here, we have only two nonzero mesoscale DMI terms due to
similar symmetry of both intrinsic interfacial and geometry-
governed DMI.

We take into account the nonlocal magnetostatic energy
terms in the same way as we did in Sec. III for the case of
bulk-type DMI. We directly include the local part coming
from the surface energy Eσ−σ

MS by shifting the anisotropy ra-
tio, ε = ε + Q−1, which appears in the effective anisotropy
constant Ki

3 in (18). The contributions from nonlocal
magnetostatic terms potentially allowing for chiral effects,

FIG. 4. Static domain walls in a cylindrical shell with interfacial-
type DMI. (a), (b) Model of a cylindrical nanotube of mean radius R
and thickness W with a magnetic texture. Magnetization unit vector
m (green arrows) forms a vortex state at equilibrium (a) and is
parametrized by angles {�,�} in the curvilinear reference frame
(b). (c) Numerical simulation results (symbols) for magnetization
components mα . Lines correspond to the analytical ansatz (19) with
equilibrium DW profile parameters (21). (d) Reconstructed magne-
tization distribution from (c) in an unrolled cylindrical shell with
d > 0. Color scheme corresponds to the normal to the surface mag-
netization component m3. Green arrows show the DW texture m(ξ2),
in which m3 is amplified (10 times) for illustrative purpose due to its
small magnitude. In numerical simulations we set p = +1, d = 0.25,
ε = 0.5, and κ = 0.2. (e) DW profile with the opposite sign of DMI
constant, d < 0.

Eσ−ρ
MS and Eg−ρ

MS , we discuss further after the derivation of
variational DW ansatz.

A. Static domain wall solution

The structure of a DW in a nanotube with interfacial-
type DMI between two vortices with opposite circulations
cos �v = C = ±1 with opposite circulations can be described
analytically as (see Appendix C 1)

cos �i
DW = −p tanh

ξ2

�
, �i

DW = Φ0 + a
ξ2

�
, (19)

where a is a phase slope, and � is a DW width.
To study the finite curvature effects on the magnetization

distribution in DWs, we apply a variational approach by using
(19) as a DW Ansatz with the DW width �, initial phase
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Φ0, and phase slope a being the variational parameters. By
inserting Eq. (19) into the energy density functional (17) and
integrating over the ξ1 and ξ2, we obtain (see Appendixes C 1
and C 2)

E i
DW

2π/κ

= 2

�

(
1 + a2

) + 2aDi(2)
23 − a�

πwκ

4Q

+ �

[
2Ki

1 + Ki
3

(
1 − πa

cos 2Φ

sinh (πa)

)]
. (20)

The minimization of (20) with respect to the DW width,
phase, and its slope results in the following equilibrium values
(approximation of a small phase slope):

�i
0 ≈ 1/

√
Ki

1, cos Φ i
0 = C = ±1,

ai
0 ≈ −

8Di(2)
23

√
Ki

1 − πwκ/Q

16
(
Ki

1 + cKi
3

) , c = π2/12. (21)

In the limit case of small curvature and DMI strength,
�i

0 ≈ 1 + κ
2/2 and ai

0 ≈ [d + πwκ/(8Q)]/(2 + 2cε). The
comparison of these predictions with numerical simulations
confirms our analytical calculations, see Fig. 4. Note that we
do not observe the tilt (with respect to the nanotube’s axis)
of the DW profile reported in the preprint by Josten et al.
[30]. Both analytical calculations and numerical (spin-lattice
and full-scale micromagnetic) simulations predict DWs per-
pendicular to the tube’s axis.

Note that in the case of interfacial-type DMI, the mag-
netostatic contribution manifests not only as a shift in the
anisotropy constant but also through the terms ∝ wκ/Q in
(20) and (21). These terms, arising from the interactions Eg−ρ

MS

and Eσ−ρ
MS , lead to the emergence of a DW configuration with

a favorable sign of phase slope ai
0, determined by the inter-

play between local and nonlocal contributions (see details in
Appendix C 2). Importantly, the DW topological charge p =
±1 has no impact on the magnetostatic energy in the studied
system, meaning chiral effects are absent. The preferred phase
slope ai

0 remains the same regardless of p or the helicity C.

B. Domain wall dynamics in an external magnetic field

In order to derive effective equations of the DW motion,
we use the collective variable approach based on a generalized
q − � model [12],

cos �i
DW = −p tanh

ξ2 − q(t )

�
, �i

DW = Φ(t ) + a
ξ2 − q(t )

�
.

(22)

For the case of interfacial-type DMI, we consider the dy-
namics of DWs in a nanotube only in a vortex magnetic field,
i.e., h = he1. For the case of h‖e2, DWs are immobile since
h · m = 0 in the ground state. By substitution of the ansatz
(22) into the Zeeman energy and integration over ξ1 and ξ2

coordinates, we obtain the energy term that corresponds to the
Zeeman energy density (9) with ψ = 0.

In terms of the collective variables, the equations of motion
take the form

η
q̇

�
+ (p − aη)Φ̇ = 2ph,

(p + aη)q̇ − η�Φ̇ = Ki
3� sin 2Φ. (23)

The DW width �, and phase slope a, are assumed to be
slave variables, i.e., �i[Φ i(t )] = 1/

√
Ki

1 + Ki
3 sin2 Φ i and

ai[Φ i(t )] = ( πwκ

8Q �i − Di(2)
23 )�i/[2 + 2c(�i )2Ki

3 cos 2Φ i].
The behavior of the DW width and phase slope is discussed
in detail in Appendix C 3.

The set of equations of motion (23) has a traveling wave
solution with

V i = 2p
h�i

0

η
, Φ i = Φ i

0 + p

2
arcsin

h

hi
W

, (24)

with the Walker field

hi
W ≈ h0

W + d
η

2

[
κ + p

εη

2
√

1 + ε/2

]
+ p

εη2
κ

2 + ε

πw

16Q
. (25)

Estimated experimental values of the parameters and their
typical time evolution, as well as Walker field dependence on
curvature and DMI strength, are provided in Appendixes C
and D. The Walker field (25) for a DW in a nanotube with
interfacial-type DMI exhibits a linear shift with respect to
the DMI strength d , as seen from the second term on the
right-hand side, which arises from local interactions. While
it contains the DW topological charge p, reasonable values
of the damping constant η ∼ 10−2 render the p-term negligi-
bly small compared to the curvature κ. The same reasoning
applies to the magnetostatics-generated last term in (25). We
conclude that the DW motion does not exhibit chiral effects in
the considered setup, and the shift in the Walker field depends
solely on the sign of the DMI strength (see Fig. 5). Moreover,
the Walker field shift is weaker here compared to the case with
bulk-type DMI (Sec. III B 1), being quadratic with respect to
small parameters ∝ κd , while for the bulk-type DMI, the
leading term in the field shift (12) scales linearly on the order
of d .

V. CONCLUSIONS

The effects of DMI and curvature on the statics and field-
driven DW motion are analyzed using cylindrical biaxial
magnetic nanotubes as a model system. The results demon-
strate that the presence of DMI leads to specific deformations
in the DW profile, with the pattern and magnitude of these dis-
tortions dictated by the DMI type and strength, respectively.
In particular, bulk-type DMI generates a symmetric normal
(out-of-surface) magnetization component (Fig. 1), whereas
interfacial-type DMI induces asymmetric distortions in the
normal magnetization component (Fig. 4).

The joint action of curvature and bulk-type DMI results
in a tilting of the vortex ground state of magnetization by
an angle ψ ∝ κd as compared to the DMI-free case. This
effect enables the translational motion of a DW with constant
velocity V b/h ∝ κd in an axial magnetic field. Moreover, in
the case of a vortex magnetic field, bulk-type DMI leads to the
appearance of the preferable combination of DW topological
charge and helicity, sign(pCd ) < 0. The latter effect induces
chirality breaking in DW motion: a DW with nonpreferable
chirality undergoes a vortex-antivortex pair mediated break-
down before settling into motion at a constant velocity, as
shown in Figs. 2(d)–2(f). Additionally, bulk-type DMI in-
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FIG. 5. Domain wall motion in nanotubes with interfacial-type
DMI in the applied vortex magnetic field h = he1. DW velocity V i

is measured with respect to DMI-free Walker velocity VW, and the
magnetic field value is given in units of DMI-free Walker field h0

W

(dotted-vertical-gray line). The solid-black line illustrates the trav-
eling wave regime (24). Colored lines show the numerical solution
of the equations of motion (23). Dashed-vertical-gray lines mark the
predicted values of the Walker field (25) for different signs of DMI
strength d . Symbols correspond to the results of numerical simula-
tions (Appendix D) with p = +1, d = ±0.25, κ = 0.2, η = 0.01,
and ε = 0.5.

creases the Walker field proportionally to the DMI constant,
thereby extending the range of applied fields that enable
steady DW motion.

In systems with interfacial-type DMI, the Walker field
also exhibits a linear shift with respect to the DMI strength;
however, this effect is weaker than in the bulk-type DMI case,
and no chiral breakdown in DW motion is observed. Notably,
the asymmetry of the static DW profile in this case is jointly
tuned by DMI and magnetostatics, where the latter contributes
in the thin-film limit to both effective anisotropy and DMI
constants. Nonlocal interactions, however, do not generate
chiral effects in the DW dynamics and eventually result in a
minor additional shift in the Walker field.

The synergy between symmetry and geometry in mag-
netic nanotubes provides an enhanced toolkit for exploring
topological effects and features of curvilinear magnetization
dynamics. Our predictions pave the way for tailoring the prop-
erties of DW textures in thin cylindrical nanotubes, enabling
their use as critical components in nanoelectronic devices.
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APPENDIX A: EQUILIBRIUM MAGNETIZATION
TEXTURE

To identify possible equilibrium magnetization
textures in DMI-free nanotubes, we introduce the
following parametrization of the unit magnetization,
m = e1 cos ϕ sin ϑ + e2 cos ϑ + e3 sin ϕ sin ϑ , where
{ϑ, ϕ} = {ϑ (ξ1), ϕ(ξ2)}. The equilibrium values of ϑ and ϕ

are determined by the equations δE/δϑ = 0 and δE/δϕ = 0.
By solving these equations we find homogeneous and periodic
equilibrium states.

The first is the vortex state. This state corresponds to the
flux-free magnetization distribution, in which magnetization
is oriented tangentially to the cylindrical surface, with m =
±e1, i.e., ϑ = π/2 and cos ϕ = ±1. The energy of the vortex
state is Ev = κ

2.
Another possible equilibrium configuration is the periodic

magnetization distribution with ϑ = π/2 and ϕ defined by a
pendulum equation,

∂11ϕ − λ sin ϕ cos ϕ = 0, λ = 1 + ε, (A1)

with a solution,

ϕ = am

(√
Cξ1

∣∣∣∣ − λ

C

)
. (A2)

Here, C is an integration constant. The solution (A2) has a
period

T = 4√
C

K

(
−λ

C

)
= 2π

qκ

, (A3)

which is entirely predefined by geometry. Here, q defines the
2q number of domain walls on the cylindrical surface. The
energy of the periodic solution is defined as

Ep = Ev − C − 2qκ

[
κ − 2

√
C

π
E

(
−λ

C

)]
, (A4)

where E(x) is the complete elliptic integral of the second
kind [71]. For a planar film, the transition between the ho-
mogeneous and periodic state is characterized by an infinite
increase in the period of the spiral state [65]. Although for
the cylindrical surface the period is finite at the transition
point, for the limit case C → 0 one has T → ∞. Using that
C → 0 in this limit, we obtain from the equality Ep = Ev the
analytical expression for the critical curvature value κc:

κc = 2
√

1 + ε

π
. (A5)

In the limit case of vanishing easy-surface anisotropy (ε = 0)
the critical curvature is defined as κ0 = 2/π that is the same
as for nanotubes with easy-normal anisotropy [56] and analo-
gous to the effect of spontaneous formation of the onion state
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FIG. 6. Phase diagram of equilibrium magnetization textures in
a DMI-free magnetic nanotube. The parameter space, curvature κ –
easy-surface anisotropy ε, hosts two possible equilibrium configura-
tions: periodic state and vortex state. The boundary curve is plotted
using the prediction (A5).

in nanorings when curvature exceeds some critical value [72].
The phase diagram of equilibrium states is shown in Fig. 6.

APPENDIX B: MAGNETIC NANOTUBE
WITH BULK-TYPE DMI

1. Micromagnetic energy in a ψ-frame

For the case of bulk-type DMI, one can obtain from the
energy (1) a term that is quadratic with respect to the mag-
netization components, i.e., so-called effective anisotropy in
the form E b(eff)

A = Kαβmαmβ , where Kαβ is the effective total
anisotropy matrix with coefficients

Kαβ =
⎛⎝κ

2 − 1 dκ/2 0
dκ/2 0 0

0 0 ε + κ
2

⎞⎠. (B1)

This matrix has nondiagonal components. This means that the
homogeneous magnetization structure is not oriented along
the curvilinear basis, i.e., magnetization deviates from e1 di-
rection by an angle ψ ≈ −dκ/2 (direction is defined by the
sign of DMI constant d). One can easily diagonalize Kαβ , by
using a unitary transformation (rotation in a local tangential
plane) of the vector m

m = Uμ, μ = U −1m, μ = (μ1, μ2, μ3)T,

U =
⎛⎝cos ψ − sin ψ 0

sin ψ cos ψ 0
0 0 1

⎞⎠. (B2)

By choosing ψ = arctan[(1 − κ
2 − Kb

1)/(dκ)] as the ro-
tation angle, where Kb

1 =
√

(1 − κ
2)2 + d2

κ
2, it is possible

to reduce the anisotropy energy (B1) to the form

E b(eff)
A = −Kb

1μ
2
1 + Kb

3μ
2
3, Kb

1 ≈ 1 − κ
2

(
1 − d2

2

)
,

Kb
3 = ε + 1 + κ

2 − Kb
1

2
≈ ε + κ

2

(
1 − d2

4

)
.

Here, coefficient Kb
1 characterizes the strength of the effective

easy-axis anisotropy, while Kb
3 gives the strength of the ef-

fective easy-surface anisotropy. The direction of the effective

easy axis is determined by eψ

1 and the hard axis by eψ

3 ,

eψ

1 = e1 cos ψ + e2 sin ψ,

eψ

2 = −e1 sin ψ + e2 cos ψ,

eψ

3 = n = e3. (B3)

Note that for any finite ψ , the effective anisotropy direction
eψ

1 deviates from the magnetic anisotropy direction e1. This
deviation vanishes in tubes with zero DMI (d → 0).

Apart from the effective anisotropy, curvature shows up in
the effective DMI. In the new frame of reference (rotated ψ-
frame), the mesoscale DMI energy reads

E b(eff)
D = Db(α)

β3 (μβ∂αμ3 − μ3∂αμβ ),

Db(1)
13 = −2κ cos ψ − d sin ψ ≈ −2κ + d2

2
κ,

Db(1)
23 = −d cos ψ + 2κ sin ψ ≈ −d − dκ

2,

Db(2)
13 = d cos ψ ≈ d, Db(2)

23 = −d sin ψ ≈ d2

2
κ. (B4)

With this, we get to the energy density in the form of (3).

2. Static DW solution

We consider the no-driving case h = 0, in which case the
ground state is defined by the set of static equations δEb/δθ =
0 and δEb/δφ = 0, which read

∂11θ + ∂22θ + cos φ sin2 θ
[
Db(1)

13 ∂1φ + Db(2)
13 ∂2φ

]
− sin θ cos θ

[
(∂1φ)2 + (∂2φ)2Kb

1 + Kb
3 sin2 φ

+ Db(1)
23 ∂1φ + Db(2)

23 ∂2φ
] = 0,

∂1(sin2 θ∂1φ) + ∂2(sin2 θ∂2φ)

+ sin θ cos θ
[
Db(1)

23 ∂1θ + Db(2)
23 ∂2θ

]
− cos φ sin2 θ

[
Kb

3 sin φ + Db(1)
13 ∂1θ + Db(2)

13 ∂2θ
] = 0.

(B5)

Without DMI (d = 0), the vortex ground state of the sys-
tem with energy (1) is doubly degenerated: θ = 0 and θ = π .
The transition between domains of different ground states
forms a DW. Structure of the DW can be found as a solution
of (B5) with boundary conditions cos θ (±∞) = ∓p. This
solution is well known,

θ0
DW(ξ2) = 2 arctan epξ2/�, cos φ0

DW = ±1, (B6)

where � = 1/
√
Kb

1 = 1/
√

1 − κ
2 is the width of a static DW.

Nevertheless, the DW solution (B6) does not satisfy Eq. (B5)
in case d 	= 0. In the following, we introduce the deformation
of the DW solution (B6) induced by the DMI, considering
DMI as a small perturbation. For this purpose, we introduce
small deviations from the nonperturbed solution (B6)

θ = θ0
DW + ϑ, φ = φ0

DW + ϕ

sin θ0
DW(ξ2)

. (B7)
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Substituting now (B7) into (B5) and linearizing the obtained
equation with respect to the deviations one obtains the follow-
ing equations for the deviations ϑ and ϕ,

ϑ ′′ +
(

2

cosh2 ζ
− 1

)
ϑ = 0, (B8a)

ϕ′′ +
(

2

cosh2 ζ
− α2

)
ϕ = βb

cosh2 ζ
, (B8b)

where ζ = ξ2/� and ∂1ϑ = ∂11ϑ = ∂1ϕ = ∂11ϕ = 0, α =√
1 + Kb

3/Kb
1 , and βb = pCDb(2)

13 /

√
Kb

1. In (B8) prime de-
notes the derivative with respect to ζ .

The nontrivial solution of the homogeneous Eq. (B8a) ϑ =
dθ0

DW/dζ = 1/ cosh ζ corresponds to the Goldstone mode of
the DW (B6). The function ϕ(ζ ) is exponentially localized,
ϕ ∝ βb exp(−αζ ) when ζ → ∞, and tends to βb/(2 − α2)
when ζ → 0.

3. Magnetostatic energy

The most contribution to the magnetostatic energy is gen-
erated by the interaction of surface charges, induced by the
magnetization component normal to the tube’s surface, σ± =
m · n± = ±μ3 at surfaces R± = R ± W/2. The corresponding
energy term Eσ−σ

MS is local in the thin-shell limit, scaling as
shell thickness W . We can calculate this contribution as

Eσ−σ
MS = μ0Ms

2

∫
(σ+U +

σ + σ−U −
σ )dx1dx2, (B9)

where U ±
σ = Uσ (x3 = R±) is the potential of the surface

charges given by

Uσ (x) = Ms

4π

∫∫
x′

3=R±

σ (x′)
|x − x′|dx′

1dx′
2.

Following the approach in [22], we expand the cylindrical
Green’s function in terms of Bessel functions JN (x) and per-
form the integral over x′

1, obtaining

Uσ (x2, x3) = Ms

2

∫ ∞

0
dk J0(kx3)[R+J0(kR+)

− R−J0(kR−)]
∫ ∞

−∞
dx′

2e−k|x2−x′
2|μ+

3 (x′
2).

Next, using the integral representation e−k|x2−x′
2| =

1
2π

∫ ∞
−∞

2k
k2+q2 eiq(x2−x′

2 )dq, substituting the resulting potential
to (B9), and integrating over x1, we arrive at

Eσ−σ
MS = 1

2
μ0M2

s

∫ ∞

−∞
dq

×
∫ ∞

0

kdk

k2 + q2
[R+J0(kR+) − R−J0(kR−)]2

×
∫ ∞

−∞
dx2eiqx2μ+

3 (x2)
∫ ∞

−∞
dx′

2e−iqx′
2μ+

3 (x′
2).

After having integrated over k and expanded the result in
powers of W (thin-shell limit), we see that

Eσ−σ
MS � 1

2
μ0M2

s RW
∫ ∞

−∞
μ̃+

3 (−q)μ̃+
3 (q)dq, (B10)

where μ̃+
3 (q) is a Fourier transform of μ+

3 (x). Applying
Parseval’s theorem, we get

Eσ−σ
MS � 1

2
μ0M2

s (2πR)W
∫ ∞

−∞
dx2|μ3(x2)|2, (B11)

which allows us to directly include this term to the energy den-
sity (3) as Eσ−σ

MS = wQEσ−σ
MS /E0 = w

∫∫
μ2

3dξ1dξ2 by shifting
the anisotropy ratio as ε = ε + Q−1, which emerges then in
the effective anisotropy constant Kb

3 (4).
Using ansatz (5) for the case of bulk-type DMI,

we substitute μ3 = sin Φ/ cosh(ξ2/�) and obtain Eσ−σ
MS =

w(2π/κ)2� sin2 Φ, as appears in (6) derived from (1).
The volume and geometric magnetostatic charges for the

magnetization distribution given by (5) are as follows:

ρb = 1

�

tanh (ξ2/�)

cosh (ξ2/�)
cos Φ; gb = − 1

ξ3

sin Φ

cosh (ξ2/�)
.

The magnetic symmetry of terms corresponding to interac-
tions Eρ−ρ

MS , Eg−g
MS , and Eσ−g

MS restricts symmetry breaking and
cannot lead to chiral effects [43], resulting just in a correc-
tion of order ∼o (w) [39,40,62,64] to the total energy. The
remaining terms Eσ−ρ

MS and Eg−ρ
MS , while generally allowing

for nonlocal chiral effects, in our case, conserve the chiral
symmetry because of the same parity of the components μ2

and μ3 with respect to ξ2 → −ξ2.
We conclude that for the case of a DW in a nanotube

with bulk-type DMI only local chiral effects are present. The
account of the local magnetostatic contribution (B11) is suf-
ficient for the considered range of geometrical and material
parameters.

4. Exact form of the equations of motion for DW

The equations of motion can be derived from the
Lagrangian L and the dissipative function R,

L = −
∫∫

φθ̇ sin θdξ1dξ2 − E, (B12)

R = η

2

∫∫
(θ̇2 + φ̇2 sin2 θ )dξ1dξ2, (B13)

where η is the Gilbert damping parameter.
By substituting the ansatz (8) into (B13) one obtains

Lb
DW

2π/κ

= 2pΦq̇ − Eb
DW

2π/κ

,

Rb
DW

2π/κ

= η

�
[q̇2 + Φ̇2�2 + c�̇2], (B14)

with total energy in an external magnetic field

Eb
DW

2π/κ

= 2

�
+ 2�

(
Kb

1+ Kb
3 sin2 Φ

) + pπDb(2)
13 sin Φ + Eb

Z

2π/κ

,

Eb
Z

2π/κ

= −4h

{
p q cos ψ − π

2 � cos Φ sin ψ, h||e1 – vortex magnetic field,

p q sin ψ + π
2 � cos Φ cos ψ, h||e2 – axial magnetic field.

(B15)
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FIG. 7. Typical evolution of the DW phase, width, and phase slope in nanotubes with bulk- and interfacial-type DMI in terms of density
plot. Panels (a)–(d) correspond to the case of bulk-type DMI: Top row shows the evolution of DW phase (a) and width (c) for the “favorable“
DW helicity, bottom row shows the evolution of DW phase (b) and width (d) for the “unfavorable“ DW helicity. Panels are plotted by means
of a numerical solution of set (B16) for the case of a vortex magnetic field. The horizontal-solid and dashed lines correspond to the values
of the Walker and chiral fields, respectively, defined in (12). Panels (e)–(k) correspond to the case of interfacial-type DMI: Top row shows
the evolution of DW phase (e), width (g), and phase slope (j) for the positive DMI strength (d > 0), bottom row shows the evolution of DW
phase (f), width (i), and phase slope (k) for the negative DMI strength (d < 0). Panels are plotted via a numerical solution of set (C10). The
horizontal-solid line corresponds to the value of the Walker fields (25). In all cases we use p = +1, ε = 0.5, |d| = 0.25, κ = 0.2, and η = 0.1.

Lagrangian and dissipative function (B14) produce the fol-
lowing set of equations of motion:

η

�
q̇ + pΦ̇ = − κ

4π

∂Eb
Z

∂q
,

pq̇ − η�Φ̇ = 2p
Db(2)

13

d0
cos Φ + Kb

3� sin 2Φ + κ

4π

∂Eb
Z

∂Φ
,

cη
�̇

�
= 1

�2
− Kb

1 − Kb
3 sin2 Φ − κ

4π

∂Eb
Z

∂�
. (B16)

(i) For the case of a vortex magnetic field (h‖e1), the third
equation in (B16) shows that � relaxes towards its equi-
librium value �b

0 ≈ 1/
√
Kb

1 + Kb
3 sin2 Φb . The characteristic

time of this relaxation is proportional to the damping ∝ η

[67]. Usually η � 1; therefore, one can conclude that the DW
width is a slave variable �[Φ(t )], and DW dynamics can
be described by the set (10) with the equilibrium DW width
� = �b

0. The typical evolution of DW parameters (width
�b and phase Φb) for the case of bulk-type DMI is plotted
in Figs. 7(a)–7(d) with the corresponding chiral and Walker
fields. The dependencies of these critical fields as functions of
curvature and torsion are presented in Figs. 8(a) and 8(b). Note
that for the given parameters (pC = +1), the change of the
sign of the DMI strength d results in the switching between
“favorable” and “unfavorable” DWs.

(ii) For the axial magnetic field (h‖e2), the third equa-
tion in (B16) shows that � relaxes to the value �b

0 =
1/

√
Kb

1 + Kb
3 sin2 Φb − πh cos ψ , i.e., external field results

in a small deformation of DW shape. As mentioned in the
Sec. III B 2, here we consider fields smaller than the Walker

field, h � h0
W. In this case, field-induced deformations are

negligible, and the equilibrium DW width can be defined
as �b

0 ≈ 1/
√
Kb

1 + Kb
3 sin2 Φb . Thus, we conclude that here

the DW width is also a slave variable �[Φ(t )], and the DW
dynamics can be described by the set (14) with the equilibrium
DW width � = �b

0.

APPENDIX C: MAGNETIC NANOTUBE WITH
INTERFACIAL-TYPE DMI

1. Static DW solution

In the no-driving case h = 0, the ground state is defined
by the set of static equations δE i/δ� = 0 and δE i/δ� = 0,
which read

− 2(∂11� + ∂22�) + sin 2�
[
(∂1�)2 + (∂2�)2 + Ki

1

+ Ki
3 sin2 �

] − 2Di(1)
13 cos � sin2 �∂1�

+ Di(2)
23 sin 2�∂2� = 0,

− 2[∂1(sin2 �∂1�) + ∂2(sin2 �∂2�)]

+ Ki
3 sin 2� sin2 � + 2Di(1)

13 cos � sin2 �∂1�

− Di(2)
23 sin 2�∂2� = 0. (C1)

Similarly to Appendix B 2, for the case of a DMI-free nan-
otube the ground state of the system is doubly degenerated:
� = 0 and � = π . The DW structure is defined by (B6)

�0
DW(ξ2) = 2 arctan epξ2/�, cos �0

DW = ±1, (C2)
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FIG. 8. Critical fields as functions of curvature and DMI
strength. Panels (a) and (b) show the dependencies of chiral hb

C and
Walker hb

W fields, respectively, for bulk-type DMI. Field values are
shown as contour labels and given in units of anisotropy field HA.
Panel (c) shows the Walker field hi

W for the interfacial-type DMI.
Black dashed lines correspond to the critical DMI, which separates
uniform and periodical (white area) magnetization distributions [56].
In all cases we use p = +1, C = +1, ε = 0.5, and η = 0.1.

The DW solution (B6) does not satisfy Eq. (C1) in the case
d 	= 0. Here, we will also introduce small deviations (B7)
from the nonperturbed solution. Substituting (B7) into (C1)
and linearizing the resulting equation with respect to the devi-
ations, we obtain the following equations for the deviations ϑ

and ϕ,

ϑ ′′ +
(

2

cosh2 ζ
− 1

)
ϑ = 0, (C3a)

ϕ′′ +
(

2

cosh2 ζ
− α2

)
ϕ = β i tanh ζ

cosh ζ
, (C3b)

where β i = pDi(2)
23 /

√
Kb

1. Equation (C3a) coincides with
Eq. (B8a), while the function ϕ(ζ ) is also exponentially
localized, ϕ ∝ β i exp(−αζ ) when ζ → ∞ but has a linear
behavior ϕ ∝ β iζ/(2 − α2) when ζ → 0.

The set of equations (C3) was previously obtained for DWs
in straight biaxial wires with bulk-type DMI [12].

2. Magnetostatic energy

For the case of a DW in a nanotube with interfacial DMI
given by ansatz (19), the surface-charge-induced magneto-
static energy term (B11), takes the form

Eσ−σ
MS � 1

2
μ0M2

s 2πRW �

(
1 − πa

cos 2Φ

sinh (πa)

)
, (C4)

which can be accounted for by the renormalization of the
anisotropy constant Ki

3 in (18) through shifting the anisotropy
ratio as ε = ε + Q−1.

The volume and geometric magnetostatic charges for the
magnetization distribution given by (19) are

ρ i = 1

�

a sin
(
Φ0 + a ξ2

�

) + tanh ξ2

�
cos

(
Φ0 + a ξ2

�

)
cosh ξ2

�

;

gi = − 1

ξ3

sin
(
Φ0 + a ξ2

�

)
cosh ξ2

�

. (C5)

Note that in the case of interfacial-type DMI, the mag-
netization components m2 and m3 have different parity with
respect to ξ2 → −ξ2. This leads to the emergence of the
DW configuration with a favorable phase slope a, as both
contributions Eg−ρ

MS and Eσ−ρ
MS embrace the term ∝ a cos Φ2

0 .
However, the DW topological charge p = ±1 defining the
component m1 (19) plays no role in the magnetostatic energy
of the studied system, which means chiral effects are absent.
The preferable phase slope a is the same for any p and any
DW helicity C = cos Φ0 = ±1.

In the local interactions framework, the preferable sign of
phase slope a is predetermined by the intrinsic DMI constant
d of the material, signa = signd . However, the magnetostatic
contribution prefers a particular sign of a independent of d .
The resulting configuration depends on the interplay of geo-
metrical and material parameters in a specific system, as we
proceed to derive.

The total magnetostatic energy can be written as

EMS = 1

2
μ0Msπ

∫ ∞

0

{
k2G2

1(k)�1 − kG1(k)G0(k)[�2 − �̃1]

− G2
0(k)�̃2

}
dk, (C6)

where we use the notations a là [22],

Gν (k) =
∫ R2

R1

Jν (kx3)x3dx3;

�1 =
∫ ∞

−∞
dx2 m3(x2)

∫ ∞

−∞
dx′

2e−k|x2−x′
2|m3(x′

2);

�̃1 =
∫ ∞

−∞
dx2 m3(x2)

∫ ∞

−∞
dx′

2e−k|x2−x′
2|∂x′

2
m2(x′

2);

�2 =
∫ ∞

−∞
dx2 m2(x2)∂x2

∫ ∞

−∞
dx′

2e−k|x2−x′
2|m3(x′

2);

�̃2 =
∫ ∞

−∞
dx2 m2(x2)∂x2

∫ ∞

−∞
dx′

2e−k|x2−x′
2|∂x′

2
m2(x′

2).

The energy contributions Eσ−ρ
MS and Eg−ρ

MS are captured
by the terms containing �̃1 and �2. Using (19), apply-
ing e−k|x2−x′

2| = 1
2π

∫ ∞
−∞

2k
k2+q2 eiq(x2−x′

2 )dq, and leaving only the
terms linear in a, we get

Eσ−ρ
MS + Eg−ρ

MS � −μ0Ms

4
aπ2W 2�. (C7)

Therefore, for any DW helicity the configuration with
a > 0 is preferred by magnetostatics. We see from (20) and
(C7) that for d > 0 both DMI and magnetostatics favor
the configuration with a > 0 [corresponds to Figs. 4(c) and
4(d)]. However, if d < 0 [Fig. 4(e)], the two effects com-
pete. The effective DMI constant d + πwκ/8Q defines the
resulting phase slope: d < −πwκ/8Q results in a < 0, while
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d > −πwκ/8Q would still favor a > 0. Interestingly, the
threshold DMI value depends on the film thickness w and cur-
vature κ, which enables tailoring the interplay between local
and nonlocal effects on the DW profile at the nanotube pro-
duction stage. In a nanotube with d < 0 and W/R = −8Qd/π

the DMI-induced effects can be virtually compensated, and
the resulting DW structure will be described by (B6).

3. Exact form of the equations of motion for DW

By substituting the Ansatz (22) into (B13) one obtains

Li
DW

2π/κ

= 2p[Φq̇ + ca�̇] − E i
DW

2π/κ

,
Ri

DW

2π/κ

= η

�
[q̇2 + (q̇a − Φ̇�)2 + c(�ȧ − �̇a)2 + c�̇2], (C8)

with total energy in an external magnetic field

E i
DW

2π/κ

= 2

�
(1 + a2) + 2aDi(2)

23 − a�
πwκ

4Q
+ �

[
2Ki

1 + Ki
3

(
1 − πa

cos 2Φ

sinh (πa)

)]
− 4phq. (C9)

Lagrangian and dissipative function (C8) produce the following set of equations of motion:

η(1 + a2)
q̇

�
+ (p − ηa)Φ̇ = 2ph,

(p + ηa)q̇ − η�Φ̇ = πa�Ki
3

sin 2Φ

sinh (πa)
,

cη(1 + a2)
�̇

�
+ c(p − ηa)ȧ = 1

�2
(1 + a2) − Ki

1 − Ki
3

2

[
1 − πa

cos 2Φ

sinh(πa)

]
+ a

πwκ

8Q
,

c(p + ηa)
�̇

�
− cηȧ = 2

�

(
a

�
+ Di(2)

23

2
− πwκ�

16Q

)
+ Ki

3
π

2

cos 2Φ

sinh (πa)
[πa coth (πa) − 1]. (C10)

In linear approximation with respect to the slope a,

η
q̇

�
+ p(1 − aη)Φ̇ = 2ph,

p(1 + aη)q̇ − η�Φ̇ = Ki
3� sin 2Φ,

cη
�̇

�
+ cpȧ = 1

�2
− Ki

1 − Ki
3 sin2 Φ + a

πwκ

8Q
,

(p + ηa)�̇ − ηȧ� = 1

c

(
Di(2)

23 − �
πwκ

8Q
+ 2a

�

)
+ 2aKi

3� cos 2Φ. (C11)

The third and fourth equations in (C11) demonstrate that
� and a relax towards their equilibrium values �i

0 =
1/

√
Ki

1 + Ki
3 sin2 Φ i and ai

0 = −(Di(2)
23 − πwκ

8Q �i
0)/(2/�i

0 +
2cKi

3�
i
0 cos 2Φ i ). The characteristic time of this relaxation

is proportional to the damping ∝ η [67]. We conclude that
the DW width and phase slope are slave variables, �[Φ(t )]
and a[Φ(t )], and the DW dynamics can be described by (23)
with the equilibrium values of � = �i

0 and a = ai
0. The typ-

ical evolution of DW parameters (width �i, phase Φ i, and
phase slope ai) for the case of interfacial-type DMI is plotted
in Figs. 7(e)–7(k), with the corresponding Walker field. The
dependence of this field as a function of DMI strength and
curvature for interfacial-type DMI is illustrated in Fig. 8(c).

APPENDIX D: DETAIL OF NUMERICAL SIMULATIONS

In order to verify our analytical calculations, we perform a
set of numerical simulations with (i) OOMMF code [73] with
additional packages for bulk-type DMI [74,75] and a modified

package for interfacial-type DMI, and (ii) in-house developed
python-based code. The modified package for OOMMF is
based on the module developed by S. Rohart et al. [65]. The
modified package is within the Supplemental Material [68].

1. OOMMF simulations

With OOMMF we consider only static problems [76]. In
simulations we consider tubes of total length 250 nm, inner ra-
dius 24 nm, and thickness 3 nm, with cell size 1 × 1 × 1 nm3.
We use the following artificial material parameters: exchange
constant A = 25 × 10−12 J/m, saturation magnetization Ms =
5 × 105 A/m, easy-axial anisotropy constant Ka = 106 J/m3,
easy-surface anisotropy constant Ks = 0.34 × 106 J/m3, and
DMI constant D = 1.25 × 10−3 J/m2. The effective easy-
surface anisotropy constant accounting for magnetostatics
was set to Keff

s = Ks + μ0M2
s /2 = 0.5 × 106 J/m3.

As exemplary experimental setups one can consider FeGe
[75] for the case of bulk-type DMI and Pt/Co/Ni trilayer
system [30] for the interfacial-type DMI. We estimate the pa-
rameters of these two systems in nanotubes of radius R = 50
nm and thickness W = 6 nm. (i) For FeGe we get �b

0� ≈
6 nm, h0HA ≈ 25 mT, hb

cHA ≈ 3 mT, and hb
wHA ≈ 47 mT.

(ii) For Pt/Co/Ni we get �i
0� ≈ 15 nm, ai

0/� ≈ 0.01 nm−1,
h0HA ≈ 45 mT, hi

cHA ≈ (47 + 2p) mT (here, p = ±1 corre-
sponds to DW topological charge).

The numerical experiment consists of two steps. First, we
relax the DW structure in an overdamped regime (η = 0.5)
with a certain topological charge p = +1, i.e., we start with
two sharp domains that are oriented in opposite directions.
Next, we extract the DW parameters: DW position, phase,
width, and phase slope. The results of numerical simulations
are presented in Figs. 1–5.
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2. Spin-lattice simulations

We consider a cylindrical surface as a square lattice with
lattice constant s. Each node is characterized by a magnetic
moment mk(t ) that is located at the position rk. Here, k =
(i, j) is a two-dimensional vector that defines the magnetic
moment and its position on the lattice with size N1 × N2 (i ∈
[1, N1] and j ∈ [1, N2]). Magnetic moments are ferromagneti-
cally coupled. We are interested in the case when the system is
a closed cylindrical surface; hence, we impose the periodical
boundary conditions m(N1+1, j) = m(1, j) and r(N1+1, j) = r(1, j).
The dynamics of magnetic system is governed by discrete
Landau–Lifshitz–Gilbert equations.

The dynamical problem is considered as a set of 3N1N2 or-
dinary differential equations with respect to 3N1N2 unknown
functions mX

k (t ), mY
k (t ), mZ

k(t ). For given initial conditions,
the set of Landau–Lifshitz–Gilbert equations is integrated
numerically using the Runge–Kutta method in Python. For
details of the workflow of the in-house developed code, see
Ref. [56].

In simulations, we consider cylinders with N1 = 200 and
N2 = 10000, the magnetic length � ≈ 6.37s (this value of
magnetic length results in dimensionless curvature κ = 0.2),
DMI constant d = 0.25 (for bulk and interfacial DMI types),
and anisotropy ratio ε = 0.5.

The numerical experiment consists of two steps. First, we
relax the DW structure in an over-damped regime (η = 0.5)

to relax the DW of a certain charge p and helicity C on the
cylindrical surface. In the second step, we stimulate the DW
motion by applying the magnetic field h with natural damping
coefficient η = 0.01. The averaged DW velocity is obtained as
V = 1

T

∫ T
0 q̇dt , where q̇ is extracted from the simulation data.

3. Movies of the domain wall motion

For better visualization of the field-induced motion of
magnetic DWs in a nanotube with bulk-type DMI, we have
prepared movies (see the Supplemental Material [68]) illus-
trating the wall dynamics:

(i) video1_favorable_DW.mp4 shows the dynamics of
a DW with topological charge p = +1 and initial helicity
C = +1;

(ii) video2_unfavorable_DW.mp4 shows the dynamics
of a DW with topological charge p = +1 and initial helicity
C = −1.

The data in these movies correspond to results obtained via
numerical simulations. In all simulations, we used d = 0.25,
κ = 0.25, h = 0.7h0

W, and η = 0.01.
In both videos, the bottom-right panel displays a magnified

view of the nanotube near the DW center, located between
two green circles. The top-left panel presents an unrolled
perspective of this zoomed-in region where the color scheme
corresponds to magnetization component μ2, and streamlines
show the in-surface magnetization.
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L. Aballe, M. Lipińska-Chwałek, T. Jansen, K. Höflich, H.
Kröncke, C. Dubourdieu et al., Curvature-mediated spin tex-
tures in magnetic multi-layered nanotubes, arXiv:2103.13310.

[31] P. Landeros, J. A. Otálora, R. Streubel, and A. Kákay, Tubular
geometries, in Topics in Applied Physics (Springer International
Publishing, Cham, Switzerland, 2022), pp. 163–213.

[32] I. Dzyaloshinsky, A thermodynamic theory of “weak” ferro-
magnetism of antiferromagnetics, J. Phys. Chem. Solids 4, 241
(1958).

[33] T. Moriya, Anisotropic superexchange interaction and weak
ferromagnetism, Phys. Rev. 120, 91 (1960).

[34] S. Woo, K. Litzius, B. Krüger, M.-Y. Im, L. Caretta, K. Richter,
M. Mann, A. Krone, R. M. Reeve, M. Weigand et al., Ob-
servation of room-temperature magnetic skyrmions and their
current-driven dynamics in ultrathin metallic ferromagnets,
Nat. Mater. 15, 501 (2016).

[35] I. Lemesh, F. Büttner, and G. S. D. Beach, Accurate model of
the stripe domain phase of perpendicularly magnetized multi-
layers, Phys. Rev. B 95, 174423 (2017).

[36] F. Büttner, I. Lemesh, and G. S. D. Beach, Theory of isolated
magnetic skyrmions: From fundamentals to room temperature
applications, Sci. Rep. 8, 4464 (2018).

[37] A. Bernand-Mantel, L. Camosi, A. Wartelle, N. Rougemaille,
M. Darques, and L. Ranno, The skyrmion-bubble transi-
tion in a ferromagnetic thin film, SciPost Phys. 4, 027
(2018).

[38] J. Schöpf, A. Thampi, P. Milde, D. Ivaneyko, S. Kondovych,
D. Y. Kononenko, L. M. Eng, L. Jin, L. Yang, L. Wysocki et al.,
Néel skyrmion bubbles in La0.7Sr0.3Mn1−xRuxO3 multilayers,
Nano Lett. 23, 3532 (2023).

[39] G. Carbou, Thin layers in micromagnetism, Math. Models
Methods Appl. Sci. 11, 1529 (2001).

[40] R. V. Kohn and V. V. Slastikov, Effective dynamics for ferro-
magnetic thin films: A rigorous justification, Proc. R. Soc. A
461, 143 (2005).

[41] D. D. Sheka, V. P. Kravchuk, D. Peddis, G. Varvaro, M.
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