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Abstract 
     We study the dynamics of the magnetic vortex 

driven by a spin current. Using a simple analytical 
model and numerical simulations we show that a non-
decaying vortex motion can be excited by a dc spin 
current, whose intensity exceeds a first threshold value 
as a result of the balance between a spin-torque 
pumping and damping forces. The irreversible switching 
of the vortex polarity takes place for a current above a 
second threshold. The mechanism of the switching, 
which involves the process of creation and annihilation 
of a vortex-antivortex pair is described analytically, 
using a rigid model, and confirmed by detailed spin-
lattice simulations. 
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1.  Introduction 
 It is now firmly established that nonlinear excitations of soliton type play an 
important role in the low dimensional magnetism. Kinks in 1D magnets and localized 
Belavin–Polyakov solitons in 2D isotropic magnets are responsible for the destruction of 
long–range order at finite temperature [1]. Vortices play a similar role in 2D easy–plane 
magnets: the presence of vortices gives rise to the Berezinskiĭ–Kosterlitz–Thouless 
topological phase transition [2, 3]. 2D magnetic solitons and vortices have been studied 
since the end of 1970s. They are important for the dynamical and thermodynamical 
properties of magnets, for a review see Ref. [4, 5]. The soliton and vortex contribution to 
the response functions of 2D magnets has been predicted theoretically [6, 7] and observed 
experimentally [8, 9]. 
 A second wind in the physics of 2D magnetic solitons and vortices appeared this 
decade due to the direct observation of nonlinear excitations in magnetic nanodots. Such 
nanodots are submicron disk–shaped particles, which have a single vortex in the ground 
state due to the competition between exchange and magnetic dipole–dipole interaction 
[10, 11]. A vortex state is obtained in nanodots that are larger than a single domain 
particle whose size is a few nanometers: e.g. for the permalloy (Py, Ni80Fe20) nanodot the 
exchange length  ~ 6nm. The vortex state of magnetic nanodots has drawn much attention 
because it could be used for high-density magnetic storage and miniature sensors [11, 
12]. For this one needs to control magnetization reversal, a process where vortices play a 
crucial role [13]. Notable experiments with magnetic force microscopy on circular 
nanoscale Py dots [14–19], and polycrystalline Co [20–22] disposed in arrays over 
nanopatterned films, report images of vortex cores, where the magnetization is deviated 
out of the plane of the film. Lorentz transmission electron microscopy imaging and micro 
Hall magnetometry also show vortices to be favorable configurations in permalloy 
nanodisks [17, 21, 23]. Great progress has been made recently with the possibility to 
observe high frequency dynamical properties of the vortex state magnetic dots by 
Brillouin light scattering of spin waves [24, 25], time–resolved Kerr microscopy [19], 
phase sensitive Fourier transformation technique [26], and X–ray imaging technique [27]. 
This kind of experiments is opening the door to direct theoretical investigations of soliton 
and vortices in ferromagnetic materials, with the aim to understand the interplay between 
mesoscopic nonlinear collective excitations and geometrical constraints, like shape, size 
and boundary conditions at the interfaces, see Ref. [10]. 
 The control of magnetic nonlinear structures using an electrical current is of special 
interest for applications in spintronics [28, 29]. The spin torque effect, which is the 
change of magnetization due to the interaction with an electrical current, was predicted 
by Slonczewski [30] and Berger [31] in 1996. During the last decade this effect was 
tested in different magnetic systems [32–34] and nowadays it plays an important role in 
spintronics [28, 35]. Recently the spin torque effect was observed in vortex state 
nanoparticles. In particular, circular vortex motion can be excited by an AC [36] or a DC 
[37] spin-polarized current. Very recently it was predicted theoretically [38, 39] and 
observed experimentally [40] that the vortex polarity can be controlled using a spin-
polarized current. This opens up the possibility of realizing electrically controlled 
magnetic devices, changing the direction of modern spintronics [41]. 
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 There exist two main kinds of heterostructures, where the spin-torque effect is 
observed [42]: a current-in-plane (CIP) structure, where both polarizer and sensor layer 
are magnetized in plane and a current-perpendicular-to-the plane (CPP) structure, where the 
sensor is in-plane magnetized, while the polarizer is magnetized perpendicular to the plane. 
In this paper we consider the CPP heterostructure, which is more efficient [43]. A typical 
CPP heterostructure with a vortex state sensor was proposed recently in Refs. [38, 39]. 
 It is well-known [30] that the spin torque effect causes a spin precession in a 
homogeneously magnetized particle. A similar picture also takes place for the vortex 
state Heisenberg system [38], where the spin current, which is perpendicular to the 
nanoparticle plane, mainly acts like an effective perpendicular DC magnetic field. 
Recently we have shown [39] that the dipolar interaction crucially changes the physical 
picture of the process. The precessional vortex state [38] becomes unfavorable, because 
the dipolar interaction tries to minimize the edge surface magnetostatic charges, hence 
the magnetization at the dot edge is almost conserved [44]. In this paper, by using the 
rigid vortex approach, we show that the spin current causes a nontrivial vortex dynamics. 
When the current strength exceeds some threshold value jcr, the vortex starts to move 
along a spiral trajectory, which converges to a circular limit cycle. When the current 
strength exceeds the second threshold value jsw, the vortex switches its polarity during its 
spiral motion. After that it rapidly goes back to the dot center. We present a simple 
picture of this switching process and confirm our results by spin-lattice simulations. 
 We consider a pillar structure [38, 45, 46], in which the magnetization direction in the 
polarizer is aligned parallel to z (see Fig. 1). An electrical current is injected in the polarizer, 
where it is polarized along σ (which is collinear to z in our case). The sensor is a thin disk 
with a vortex ground state: the magnetization lies in the disk plane in the main part of the 
disk being parallel to the disk edge, however in the disk center the magnetization becomes 
perpendicular to the disk plane in order to prevent a singularity in the magnetization 
distribution [5, 10]. This perpendicular magnetization distribution forms the vortex core, 
which is oriented along z or opposite to z. Such a direction of the core magnetization is 
characterized by the vortex polarity (p = +1 or p = −1, respectively). In the pillar stack, the  
 

 
 

Figure 1. Schematic of the heterostructure. 



Denis D. Sheka  et al.   62

thickness of the nonmagnetic layer (spacer) is much less than the spin diffusion length 
[45, 47], hence the spin polarization of the current is conserved when it flows into the 
sensor. 
 
2. The model 
 We start from the model of the ferromagnetic system with the Heisenberg exchange 
and dipolar interaction [48]: 
 

                                    

(1) 

 
Here  is a classical spin vector with fixed length S on the site n = (nx, 
ny, nz) of a three–dimensional cubic lattice with integers nx, ny, nz, J is the exchange 
integral, the parameter  is the strength of the long–range dipolar interaction, 
g is the Landé–factor, a is the lattice constant; the vector δ connects nearest neighbors, 
and is a unit vector. 
 The spin dynamics of the system is described by the discrete version of the Landau–
Lifshitz–Gilbert equation with account of the spin–torque effect by a Slonczewski–
Berger term [30, 31]: 
 

                                                        
(2a)

 
where the second term on the righthand side describes the spin relaxation with the 
damping coefficient α. The last term comes from the spin-torque effect: when a current 
flows perpendicular to the plane of the nanoparticle (thickness h), which is characterized 
by the spin polarization unit vector σ (along z in our case), the spin torque reads: 
 

                                                                                                                                                                                

(2b)
 

 
Here j = Je / Jp is the normalized spin current, Je is the electrical current density, 

 where  is the saturation magnetization, e is the electron 
charge, and µ0 is the vacuum permeability, and  is the degree of spin 
polarization. 
 In the continuum description, the spin dynamics is described by a magnetization unit 
vector . The continuum version of the Hamiltonian (1), the energy functional 
E reads: 
 

                                                                                 
(3)

 
 
where  is the exchange constant and Hm is the magnetostatic field, which 
comes from the dipolar  interaction [48]. The continuum limit becomes adequate, when 
the typical exchange length 
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(4)

 
 
is larger than the lattice constant a. 
 Using the angular parametrization m = (sin θ cos φ; sin θ sin φ; cos θ), one can write 
down the continuum version of the Landau-Lifshitz Eq. (2) with the Slonczewski–Berger 
term in the form: 
 

                                                                                                 (5b) 
 

                                                  
(5a)

 
 
Here and below we use the dimensionless variables: 
 

                                                       
(6)

 
 

where γ is the gyromagnetic ratio. Note that we are interested here only in the influence 

of the homogeneous spin torque T ∝  j . m. Such an approach works if the magnetization 
does not change in the direction of the current propagation  which is 
reasonable for the perpendicular current and thin nanodisks. However, if one applies a 
current in the direction of the disk plane, there appears a nonhomogeneous spin torque 

[49], which causes another mechanism of the vortex dynamics [36, 40, 41, 
50, 51]. 
 
3. Stationary states 
 Let us consider a disk–shape particle of the radius L and the thickness h. For the 
small size nanoparticle the ground state is uniform; it depends on the particle aspect ratio 
ε = h / 2L: thin nanodisks are magnetized in the plane (when ε < εc ≈  0:906 [52]) and 
thick ones along the axis (when ε  > εc). Under the influence of the spin current the 
homogeneous ground state of the system changes: there appears a dynamical cone state 
with the out-of-plane magnetization  see Ref. [38]. In this state all spins 
precess with the frequency , where we have neglected here the B–term 
for simplicity. 
 When the particle size exceeds some critical value, typically (3 − 4)  [53], the 
magnetization curling becomes energetically preferable due to the competition between 
the exchange and dipolar interaction. For the disk shape particle there appears the vortex 
state. For thin enough disks the vortex structure does not depend on the z-coordinate of 
the disk and the magnetization distribution for the vortex, which is situated in the disk 
center, is determined by the expressions [5] 
 

                                                                            (7) 
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Here  is the coordinate in the disk plane, q = +1 is the vortex π1 topological 
charge (vorticity), C = ±1 characterizes the vortex chirality, and p = ±1 determines the 
direction of the vortex core magnetization (polarity). The bell-shaped function  
describes the vortex core magnetization. The vortex polarity is connected to the π2 
topological properties of the vortex, namely, to the Pontryagin index 
 

                                                                             
(8)

 
 
For the vortex configuration the Pontryagin index takes the half-integer values Q = pq/2. 
 For the vortex solution localized at , the φ-field has the 
form φ = q arg(ζ − Z) + Cπ     /   2: Such a form of the φ–field satisfies the Laplace equation, 
so it describes the planar vortex dynamics (neglecting the z-component of magnetization) 
for the infinite Heisenberg magnets. The finite size effects for the circular Heisenberg 
magnet can be described by the image-vortex ansatz [5]. Besides one has to take into 
account the long-range dipolar interaction, which leads in general to integro-differential 
equations [54]. For a thin ferromagnet the dipolar interaction produces two main effects 
[55]: (i) an effective uniaxial anisotropy of the easyplane type caused by the faces surface 
magnetostatic charges and (ii) an effective in-plane anisotropy caused by the edge surface 
charges (surface anisotropy). Due to the surface anisotropy the magnetization near the 
disk edge is constrained to be tangential to the boundary, which prevents its precession 
near the edge (absence of surface charges). This conclusion about effective fixed 
(Dirichlet) boundary conditions for thin vortex state nanodisks agrees with results of 
linear analysis [44, 56]. Finally, the φ–field can be written in the form 
  

                                                           
(9)

 
 
Here ZI = ZL2

  /  R2 is the “image” vortex coordinate and qI = +1 is the “image” vortex 
vorticity; the “image” vortex is added to satisfy the Dirichlet boundary conditions. 
 
4. Rigid vortex dynamics without a spin–torque 
 It is well-known that the vortex behaves like a particle under weak external 
influences. In particular, if an external DC magnetic field is applied in the disk plane, the 
vortex starts to gyrate [27, 57]. This rigid vortex dynamics can be well-described using a 
Thiele approach [58, 59]. Following this approach we construct a force balance equation. 
Taking Eq. (5a) times ∇θ and Eq. (5b) times ∇φ, summing the two equations and 
integrating the result over the system volume gives a force balance equation 
 

                                                                                                   (10) 
 
Here  is a gyroscopical force, 

 is a dissipative force, and 

 
is an external force. 
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 In a Thiele approach, the vortex moves as a rigid particle without changing its shape. 
Therefore we can combine our image-vortex ansatz together with a travelling wave 
ansatz [5]: 
 

  
 

                                     (11) 
 
Now we are able to calculate the forces in a standard way. The gyroscopical force 
 

                                                                           (12) 
 
where G is the gyroconstant (for the vortex G = −2πp) [60, 61] and R = (X, Y). The 
dissipative force Fdis = . Thus the Thiele equations (10) 
reads: 
 

                                                                                   
(13)

 
 
The external force, acting on the vortex, , where the total energy is 
described by Eq. (3). The main contribution to this energy is caused by the magnetostatic 
energy of volume charges 
  

                                                                                
(14)

 
 
where  is the density of volume charges and r = (x, y, z). 
 For small displacements of the vortex center from the origin  one 
can use a Taylor series expansion [62, 63]. In the lowest approximation 

 and the restoring force Fext = −khR. Therefore the Thiele–like 
equation (13) results in a vortex gyration: the vortex precesses with the eigenfrequency 

 For small aspect ratios  this gyrofrequency can be approximately 
described analytically,  [64]. For finite ε one can use the analysis in [65, 
66]. For larger displacements one can use the next Taylor expansion term [63], and the 
analysis can be done numerically only. Instead, we can extract the information from the 
simulation data in a wide range of the vortex displacement ∆. The details of simulations 
are described in Sec. 6. In the Fig. 2 we have plotted the numerical data for the energy 
 

                                                                                                              
(15)

 
 
as a function of the vortex displacement ∆ for different thicknesses h of the disk. Here 
ΩG(ε) is the vortex eigenfrequency for small vortex shifts, which agrees with results in 
Refs. [65, 66]. By analyzing the numerical data one can approximately restore the shape 
of the total energy of the system by fitting: 
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Figure 2. Energy of the vortex (15) vs. the vortex displacement ∆ from simulations on disks with 
the diameter 2L = 40a and different thicknesses h,  = 1.3a0, α = 0.01. 
 

                                                                                   (16) 
 

 Finally, the external force 
 

                                                                         
(17)

 
 
5. Spin–torque effect in the vortex dynamics 
 Let us apply a spin current to the system. One can suppose that a rigid vortex 
approach still works correctly in the case of a weak current. Using the same procedure as 
in the previous section, one can derive the force balance equation. It has a form similar to 
(13). However, in addition to the external dipolar force Fext there appears a new force 
 

                                                                                  
(18)

 
 
which is caused by the spin torque effect. For the analytical treatment of this force one 
can neglect the -term in the denominator and use the ansatz (11), which leads to the 
force [67, 68]: 
 

                                                                          
(19)

 
 
where the vortex position R is measured from the disk center. 
 Finally the force balance condition (10) takes the form of a Thiele–like equation, 
which describes the vortex dynamics as a rigid particle 
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(20)

 
 
The vector equation (20) can be presented also in the scalar form 
 

                                                    
(21)

 
 
Without the spin current term the vortex stays at the disk center, which is a ground state. 
This stability of the origin is provided by the damping. However, the loss of energy due 
to the damping can be compensated by the energy pumping due to the spin current if the 
current exceeds a critical value, see below. One can see from Eqs. (21) that the vortex 
position at origin can be unstable when . The spin current excites a spiral vortex 
motion, which finally leads to the circular limit cycle  
 

                                                                                                        
(22)

 
 
The critical current can be easily estimated from the main term expansion at   ∆ = 0: 
 

                                                                                 
(23)

 
 
The spiral vortex motion can be excited under the conditions:  and     pjσ < 0. 
Note that for small aspect ratios 
 

                                                                                                           
(24)

 
 
The radius of this limit cycle can be found by solving the equation  
Using (17), one can find the approximate dependence 
 

                                                                                                               
(25)

 
 Note that a similar threshold dependence was obtained recently by Ivanov and Zaspel 
[68] using a linear mode analysis:  
 
6. Numerical simulations 
 In order to check these predictions about the vortex dynamics, we have performed 
numerical simulations of the discrete (spin lattice) version of the Landau-Lifshitz 
equations with the spin torque term in the form (2). Our main assumption is that Sn 
depends only on x and y coordinates. Such a plane–parallel spin distribution is adequate 
for thin nanoparticles. In this case the energy (1) can be presented in the form [55] 
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Here the sum runs only over the 2D lattice. All information about the original 3D 
structure of our system is in the coefficients 

 
with 

. 
 Numerically we have integrated the discrete spin-lattice Eqs. (2) over a square lattice 
of size (2L)2 using the fourth-order Runge-Kutta scheme with the time step ∆τ = 0.01. 
Each lattice is bounded by the circle of radius L. 
 First we have performed a series of simulations without a spin current with a shifted 
vortex in order to treat the case of a restoring force (17). Initially we shifted a vortex by a 
distance ∆  = R     /   L, using the analytical ansatz (9). Since it gives an approximate solution 
only, we run simulations for a short time for the overdamped system (we used α  0.5). 

This was enough to let the vortex adapt to the lattice and to damp out all spin waves 
which resulted from the not perfect initial spin distribution. After that we started 
simulations with the nominal damping constant. During its dynamics the vortex moves 
along the spiral trajectory in agreement with Eq. (13) and rapidly reaches the center of the 
disk. By analyzing the simulation data we calculated the total energy of the vortex state 
nanodisk as a function of the vortex shift ∆. We found that in a wide range of parameters 
the normalized energy (15) can be fitted with high accuracy as W = −ln(1 − ∆2), see Fig. 
2. Note that such a dependence does not depend on the way how we shift the vortex: 
these results agree with data for the vortex dynamics caused by a spin-torque. It is 
instructive also to note that the dependence  see Eq. 16, functionally coincides with 
the 2D Coulomb interaction of the vortex with its image [5]. 
 Let us consider now the influence of a spin-torque on the vortex dynamics. The 
vortex dynamics results from the force balance between a driving force (by the current), a 
dipolar force, a gyroscopical force, and a dissipative force. In the simulations we observe 
that when the vortex and the spin-current have the same polarization (jσ p > 0) the vortex 
does not quit the center of the disk. However, for jσ p < 0 (p = +1, σ  = +1 and j < 0 in 
our case) the vortex under the action of the current starts to move out of the disk center 
following a spiral trajectory. The spiral type of motion is caused by the gyroscopical 
force, which acts on a moving vortex perpendicular to its velocity in the same way as the 
Lorentz force acts on a charged particle in a magnetic field. The role of the charge plays 
the π2 topological charge Q, see Eq. (8). The sign of Q determines the direction of the 
vortex motion, which is clockwise for p = +1. Under the action of the current the vortex 
moves along the spiral trajectory starting from the disk center and finally reaches a 
circular limit cycle, see Fig. 3. The vortex motion can be excited only if the current 
exceeds the critical value jcr, see Fig. 4. Numerically we found that the threshold value jcr 
= 0.0165, which corresponds to  This is in a good agreement with out 
theoretical analysis  which results from Eq. (23). 
 The radius of the vortex limit trajectory increases with the current strength, in 
agreement with (25). At some value, the radius becomes comparable with the system size 
L and the vortex dynamics becomes nonlocal. Finally it results in a switching of the 
vortex core, see [39]. In the next section we present a detailed study of the switching 
mechanism. 
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Figure 3. Limit cycle in the vortex trajectory from the simulations for j = −0.055, which 
corresponds to  = 0.015. Other system parameters: 2L = 50a, h = 5a,  = 1.3a,  α = 0.01, σ  = 1 
and ηsp = 0.26. 
 

 
 
Figure 4. Radius of the vortex for the disk with 2L = 50a, h = 5a, = 1.3a, α  = 0.01,    σ = −1 and 
ηsp = 0.26. Symbols present simulations data:  for the original system and ∆ for the simplified one 
with  = 0; the solid curve is the dependence (25); the dashed curve is the analytical result from 
Ref. [68]. 
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7. Switching of the vortex polarity 
 The switching of the vortex polarity in a vortex state nanodot is the subject of 
different studies. The mechanism of the vortex switching is essentially the same in all 
systems where the switching was observed [39, 40, 67, 69–73]. Under the action of the 
spin current, the vortex, originally situated in the disk center [see Fig. 5(b)], moves along 
the spiral trajectory, in the counterclockwise direction in our case, see Fig. 5(a). The 
moving vortex excites a non-symmetric magnon mode with a dip situated towards the 
disk center, see Fig. 5(c). When the vortex (V) moves away from the center, the 
amplitude of the dip increases, see Fig. 5(d); if the current is so strong that the dip can 
reach a minimum (θ = π, i.e. mz = −1), a pair of a new vortex (NV) and antivortex (AV) is 
created, see Fig. 5(e). The reason why the new-born vortex tears off his partner has a 
topological origin. The gyroscopic force depends on the total topological charge Q, see 
Eq. (12). Therefore it produces a clockwise motion for the original vortex (qV = 1, pV = 1, 
QV = 1/2) and the new-born antivortex (qAV = −1; pAV = −1; QAV = −1/2) while the new-born 
vortex (qNV = −1, pAV = 1, QNV = −1/2) moves in the anti-clockwise direction. As a result the 
new vortex separates from the vortex-antivortex pair and rapidly moves to the origin, see 
Figs. 5(e) and 5(a). The attractive force between the original vortex (q = 1) and the 
antivortex (q = −1) facilitates a binding and subsequent annihilation of the vortex-antivortex 
pair, see Fig. 5(d). This three–body process in a no-driving case is studied in details by 
Komineas and Papanicolaou in another chapter of this volume [74]. During the collision, 
the original vortex and the antivortex form a topological nontrivial pair (Q = 1), which 
performs a rotational motion around some guiding center [75]. This rotating vortex dipole 
forms a localized skyrmion (Belavin-Polyakov soliton [76]), which is stable in the 
continuum system. In the discrete lattice system the radius of this soliton, i.e. the distance 
between the vortex and antivortex, rapidly decreases almost without energy loss. When the 
soliton radius is about the lattice constant, it vanishes [73, 75]; this vanishing is 
accompanied by strong spin-wave radiation, because the topological properties of the 
system change [77, 78]. 
 In order to describe analytically the three–body problem we use the rigid approach, 
based on Thiele-like equations (20): 
 

              (26)
 

 
Here the additional energy 
 

                                                                    
(27) 

 
describes the 2D Coulomb interaction between different vortices. To integrate 
numerically the differential algebraic system (26), one needs to solve at each step a linear 
system; we used the MAPLE software [79], which includes such a facility. The set of 
Eqs. (26) describes the main features of the observed three–body dynamics. In Fig. 6 we 
present a numerical solution of Eq. (26) for parameters which are similar to our 
simulations [Fig. 5]. During the evolution, the original vortex and the antivortex create a  
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rotating dipole, in agrement with Refs. [74, 75], which moves along some main 
trajectory. The distance in this vortex dipole rapidly tends to zero with a typical time τ  of 
about 10 [Fig. 6(a)] in our case in agreement with the simulation data [Fig. 5]. The new–
born vortex moves in the clockwise direction to the origin, following a spiral trajectory 
[Fig. 6(b)]. 
 

 
Figure 6. Numerical solution of Eqs. (26) for the system with 2L = 100a,  = 2.65a,  α = 0.01,       

 = −0.027, and ΩG = 0.0287. The original vortex was situated at (−36a, 0), the antivortex at (−34.5a, 
0), and the newborn vortex at (−33a, 0). (a) The distance between the original vortex and the 
antivortex (vortex dipole radius Rdipole = ⏐RV  − RAV⏐ as a function of dimensionless time τ ; (b) the 
trajectory of the new-born vortex. 
 
8.  Summary 
 To summarize, we have studied the magnetic vortex dynamics under the action of an 
electrical current. The steadystate vortex motion (circular limit cycle) can be excited due 
spin–transfer effect above a threshold current. This limit cycle results from the balance of 
forces between the pumping (due to the spin-torque effect) and damping (due to the 
Gilbert relaxation) [67, 68]. For a stronger current the switching of the vortex polarity 
takes place. It is important to stress that such a switching picture involving the creation 
and annihilation of a vortex-antivortex pair seems to be very general and does not depend 
on the details how the vortex dynamics was excited. In particular, such a switching 
mechanism can be induced by a field pulse [69–71], by an AC oscillating [72] or rotating 
field [73], by an in-plane electrical current (nonhomogeneous spin torque) [40, 51] and 
by a perpendicular current (our case, the homogeneous spin torque) [39, 67, 68]. Our 
analytical analysis is confirmed by numerical spin-lattice simulations.  
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