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ABSTRACT: Antiferromagnets host exotic quasiparticles, support
high frequency excitations and are key enablers of the prospective
spintronic and spin−orbitronic technologies. Here, we propose a
concept of a curvilinear antiferromagnetism where material
responses can be tailored by a geometrical curvature without the
need to adjust material parameters. We show that an intrinsically
achiral one-dimensional (1D) curvilinear antiferromagnet behaves
as a chiral helimagnet with geometrically tunable Dzyaloshinskii−
Moriya interaction (DMI) and orientation of the Néel vector. The
curvature-induced DMI results in the hybridization of spin wave
modes and enables a geometrically driven local minimum of the
low-frequency branch. This positions curvilinear 1D antiferromagnets as a novel platform for the realization of geometrically tunable chiral antiferromagnets for antiferromagnetic spin−orbitronics
and fundamental discoveries in the formation of coherent magnon condensates in the momentum space.
KEYWORDS: antiferromagnetism, curvilinear spin chain, Dzyaloshinskii−Moriya interaction, spin−orbitronics,
coherent magnon excitations

■

INTRODUCTION
Antiferromagnets (AFMs) have emerged as a versatile material
science platform that enabled numerous fundamental discoveries including observation of monopole quasiparticles in
frustrated systems1−3 and collective quantum eﬀects, such as
spin superﬂuidity4−6 and Bose−Einstein condensation (BEC)
of magnetic excitations.5,7,8 This trend is even further
facilitated by the advent of antiferromagnetic spintronics6,9−11
and related novel physical concepts of staggered spin−orbit
torques.11−13 These eﬀects are speciﬁc to AFMs possessing
broken inversion symmetry in a local environment, which is
also a source of DMI.14−16 The presence of DMI can cause
noncollinear AFM states, characterized by weak ferromagnetism and (or) chiral helimagnetism.17,18 DMI signiﬁcantly
aﬀects dynamics of solitary excitations in AFMs including
much higher domain wall velocities19 and absence of the
gyroforce (Magnus force) for skyrmions.20,21 The portfolio of
material systems available for these studies is very limited due
to the stringent requirement on symmetry, as DMI-induced
chiral textures in an AFM can exist only in magnetic materials
belonging to gyrotropic crystal classes.15,17 In addition, the
eﬃcient manipulation of arbitrary textures of any kind by
spin−orbit torques also requires broken inversion symmetry of
the crystal lattice or staggered spin current polarization.22 This
requirement renders the progress in AFM-related fundamental
and technological research to depend on time-consuming
material screening and optimization of intrinsic chiral properties of AFMs.
© XXXX American Chemical Society

For ferromagnets (FMs) chiral responses in nanowires and
thin ﬁlms can be tailored by using curvilinear geometries.23−26
This framework, known as curvilinear magnetism,27−30 allows
induction of magnetochiral eﬀects in otherwise conventional
achiral FMs.25,31,32 In contrast to FMs, no theory of curvilinear
antiferromagnetism is available to date. Therefore, the
appealing approaches to use geometrical curvatures to enable
chiral properties in AFMs have not been explored. If available,
it would be possible to decouple the design of chiral responses
of AFMs and their intrinsic magnetic properties. We emphasize
that the case of curvilinear AFMs is fundamentally diﬀerent
from curvilinear FMs primarily due to the necessity to selfconsistently account for the mutual interplay of several (at least
two for AFM vs one for FM) ﬁelds of magnetization with the
geometrical curvature. This is directly related to the physical
nature of the order parameter in AFMs. In contrast to FMs,
where the opposite directions of the magnetization correspond
to diﬀerent magnetic states, the AFM order parameter is
represented only by the axis of orientation, similarly to nematic
directors.33 The latter leads to speciﬁc types of domains, absent
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Figure 1. (a) Schematics of the antiferromagnetic spin chain γ. Magnetic sublattices with magnetization mI and mII are shown by magenta and
light-blue arrows. The Dzyaloshinskii vector d (dark-blue) lies in the TB plane given by the TNB basis eT,N,B. Hard and easy anisotropy axes are
labeled by e1 and e3, respectively. (b) Helix spin chain with radius R and pitch P. The AFM order parameter (Néel vector) n parametrized by angles
θ and ϕ is shown by the green arrow. (c) Diagram of equilibrium states for a helix spin chain. Open symbols and triangles correspond to periodic
and homogeneous states, respectively, obtained in spin−lattice simulations. The solid red curve shows the boundary between the states. The dashed
green line shows the asymptotic of the boundary τb ≈ 0.85κ for κ l ≪ 1. Schematics of the (d, e) homogeneous and (f, g) periodic states in the
TNB reference frame. (d, f) Bloch spheres illustrate the trajectories of n. The tilt angle ψ ≈ l 2κτ .

in FMs.34,35 The staggered magnetic ordering also allows the
magnetostatic interaction between neighboring AFM systems
to be neglected and enhances the resonance frequencies.36
In this Letter, we put forth a fundamental foundation of
curvilinear 1D AFMs. We explore curvature eﬀects in a
prototypical AFM system, namely, spin chain where spins are
coupled via local exchange and long-range dipolar interactions.
The nearest-neighbor exchange interaction brings about two
geometry-induced responses: the intrinsically achiral curvilinear AFM spin chain behaves as a chiral helimagnet with a
geometrically tunable DMI and a biaxial anisotropy. We show
that generic curvilinear 1D AFMs exhibit the full set of Lifshitz
invariants, whose strength is determined by the local torsion
and curvature. We apply our theory to analyze static and
dynamic responses of helical AFM spin chains to demonstrate
consequences of the coupling between the geometry and the
AFM order parameter. Spin chains arranged along space curves
with nonzero torsion exhibit a magnetic phase transition from
homogeneous to periodic states, which is tunable by
controlling geometrical parameters. The appearance of the
curvature-induced DMI results in the hybridization of spin
wave modes in linear dynamics and opens a possibility to
investigate a coherent and long-living magnon state in the
DMI-induced minimum of the dispersion curve.
Model of a Curvilinear AFM. We start with a classical
spin chain taking into account the AFM nearest-neighbor
exchange and dipolar interaction. Its static and dynamic
properties are determined by the Landau−Lifshitz equation
ℏS dmi /dt = mi × ∂//∂mi with the Hamiltonian speciﬁc to
the collinear intrinsically achiral AFM

/=−

JS2
μ
mi ·mi + 1 − ∑ mi·Hid .
2
2 i

(1)

Here, mi is the unit magnetic moment of ith site, ℏ is the
Planck constant, S is the spin length, J < 0 is the exchange
integral, μ = gμBS is the total magnetic moment of one site with
g being Landé factor, and μB is Bohr magneton. The dipolar
ﬁeld at the ith site reads Hdi = −μ∑j ∞= l+i[mjr2ij−3rij(mj·rij)]/r5ij
with rij being the radius-vector between the ith and jth sites
and the distance between neighboring sites equal a. We assume
that the positions of all magnetic sites are described by a space
curve γ(s) with s being the arc-length characterized by the
curvature κ(s) and torsion τ(s). The local reference frame can
be chosen as the Frenet−Serret frame with tangential, normal,
and binormal vectors eT,N,B, see Figure 1a.
The continuum counterpart of the spin−lattice model is
formulated on the basis of two vector ﬁelds, namely, the total
magnetization m(s) = (mI + mII)/2 and Néel vector n(s) = (mI
− mII)/2. The ﬁelds mI,II = mI,II(s) correspond to the two
sublattices of the AFM. In the long-wave approximation, the
density of Lagrangian L = ∫ 3ds , corresponding to the
curvilinear AFM reads
3=

Ms2
γ02 Λ

·2

n −,
(2a)

with the overdot corresponding to the derivative with respect
to time. The eﬀective energy density , is written as
B
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induced anisotropy ,A . The system has no competing easy axis
anisotropy terms. This means that independent of the strength
of ,A it govern the orientation of the Néel vector even for Aκ2,
Aτ2 ≪ K.
As a result, a generic curvilinear achiral 1D AFM will behave
as a chiral helimagnet with the DMI strength and the
orientation of the Néel vector determined by the geometrical
parameters, i.e., curvature and torsion.
Ground State of AFM Helix Chains. To illustrate the
behavior of curvilinear AFM spin chains, described by (2), we
analyzed a helix chain as the prototypical curvilinear systems
possessing a constant curvature and torsion. The geometry of a
helix is characterized by the radius R = κ/(κ2 + τ2) and pitch P
= 2πτ/(κ2 + τ2), see Figure 1b. It is convenient to introduce
the angular parametrization of the Néel vector n = eTcos θ +
eNsin θcos ϕ + eB sin θ sin ϕ with θ = θ(s, t) and ϕ = ϕ(s, t)
being polar and azimuthal angles, respectively. Taking into
account the Néel vector is a director, states with (θ, ϕ) and (π
− θ, ϕ ± π) are equivalent. The linear energy density then
reads

, = ,_ + , DM + ,A + K (n·e T)2
,_ = Anα′ nα′ , , DM = A -αβ(nαn′β − nβ nα′ ),
,A = A 2αβnαnβ , α , β ∈ T,N,B,

Letter

(2b)

where Ms = μ/(2a) is the magnetization of one sublattice, γ0 is
the gyromagnetic ratio, Λ = 2|J|S2/a is the constant of the
uniform exchange, A = |J|S2a/2 is the exchange stiﬀness, and K
≈ 2.7 μ2/a4 is the hard axis anisotropy constant induced by the
dipolar interaction, see the Supporting Information. Model (2)
is valid for K ≪Λ and the space curve γ possessing consequent
turns separated by a distance signiﬁcantly larger than the lattice
constant a. In this approximation, |m| ≪ |n| and n can be
considered as a unit director. In model (2b), the Einstein
summation rule is applied and prime means derivative with
respect to s. The Frenet tensor -αβ has four nonzero
components -TN = −-NT = κ and -NB = −-BN = τ . The
characteristic length and time scales are given by the magnetic
length l = A /K and the frequency of the AFM resonance
ω0 = c /l with c = γ0 ΛA /Ms being the characteristic magnon
speed. The exchange energy density expands into three terms,
with only one, ,_ , possessing the form of a regular
inhomogeneous exchange in straight spin chains.
The term , DM can be written as the functional form of a
DMI, , DM = d ·[n × n′]. This term is allowed in crystals with
magnetic symmetry groups Cn and S4 acting on 1D magnetic
textures.15 However, its origin is not the spin−orbit interaction
as for the case of intrinsic DMI but the exchange interaction.
The vector d = dTeT + dBeB acts as the Dzyaloshinskii vector
with components dT = 2Aτ and dB = 2Aκ. This DMI
corresponds to the full set of Lifshitz invariants, allowed in a
1D magnet. The DMI vector d is linear with respect to τ and κ,
which allows strong chiral eﬀects in curvilinear 1D AFMs. The
strength of the curvature-induced DMI can be estimated as the
relation to the exchange stiﬀness. For instance, in the case of a
Mn-DNA chain (A-DNA form) bent to the radius of 15 nm,
the adT,B/A is about 0.05. (Magnetic parameters of Mn-DNA S
= 5/2, a = 0.344 nm, and |J| = 9.6 × 10−25 J are taken from ref
37.) This value is comparable with the intrinsic chiral
properties of KMnF3 used for the discussion of dynamics of
1D solitons19,38 (aD/A = 0.036 with D being the constant of
the nonuniform DMI), where ultrafast motion of AFM domain
walls was predicted.19
In addition to the linear in τ and κ DMI terms, the
expression for energy density , contains weaker bilinear terms,
representing a curvature-induced anisotropy ,A whose
coeﬃcients are given by the tensor 2αβ = -αγ- βγ ∝ κ 2 , τ 2 ,
κτ. It contains nondiagonal terms, causing the tilt of n within
the rectifying surface formed by eT and eB. The presence of the
two anisotropies (hard axis stemming from the dipolar
interaction and easy axis stemming from the exchange
interaction) renders a curvilinear AFM spin chain to behave
as a biaxial AFM. The directions of the primary hard axis e1
and secondary easy axis e 3 are determined by the
diagonalization of the tensor of the total anisotropy
A 2αβ + δ1αδ1βK with δαβ being Kronecker delta, see Figure
1a. The axis e1 lies within the rectifying surface. The anisotropy
induced by the dipolar interaction is the strongest one and
deﬁnes the plane, where the Néel vector rotates. The direction
of the vector n within the easy plane is given by the curvature-

, = A(θ′ + κ cos ϕ)2
+ A[sin θ(ϕ′ + τ ) − κ cos θ sin ϕ]2 + K cos2 θ .

(3)

As a biaxial chiral helimagnet, helix spin chains support
homogeneous and periodic equilibrium states dependent on
the strength of the DMI, see Figure 1c. For the case of the
homogeneous state, which is realized for τ < τb(κ) ≈ 0.85κ at
κl ≪ 1, see Figure 1d, e and the Supporting Information, the
orientation of the Néel vector is given by θhom = π/2 − ψ and
ϕhom = π/2, where ψ ≈ l 2κτ and κl , |τ |l ≪ 1.
The periodic state can be stabilized in systems possessing
torsion τ > τb(κ). In the periodic state, the Néel vector is
almost uniform in the plane perpendicular to the helix axis and
modulated in the local reference frame, see Figure 1f, g. The
emergence of the periodic state is a consequence of the
exchange-induced DMI, , DM , with the main contribution
given by the torsion-related term dT. When the curvature is
much smaller than the torsion, the state can be described as the
Dzyaloshinskii spiral39 with θper = π/2 and ϕper = −τs. The
boundary between the homogeneous and periodic states τb(κ)
is plotted by the solid red line in Figure 1c.
It is instructive to compare the results above with FM spin
chains, where dipolar interactions induce easy axis anisotropy.
In contrast to a FM helices,24 the phase transition between the
periodic and homogeneous states in AFMs has no threshold in
curvature. Hence, the transition to the periodic state in the
case of AFM helical chains can be observed for very small
curvatures. This is a consequence of the speciﬁcity of the
curvilinear AFM systems where the stability of the state is
given by the weak easy axis anisotropy stemming from the
exchange interaction. Therefore, eﬀects of curvilinearity in
AFMs are much stronger than in FMs.
Linear Dynamics. To describe linear excitations in a
curved AFM helix chain, we consider the homogeneous
magnetic state. The Euler−Lagrange equations for the
Lagrangian (2a) are linearized by θ(s, t) = θhom + ϑ(s, t) and
ϕ(s, t) = ϕhom + φ(s, t)/ sin θhom. Here, ϑ(s, t) and φ(s, t) are
small deviations from the equilibrium state. The corresponding
equations read
C
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Aϑ″ − Ac −2ϑ = K 0ϑ ̈ + D3φ′,
Aφ″ − Ac −2φ = K3φ̈ − D3ϑ′,

(4)

where K0,3 and D3 are functions of curvature, acting as the
eﬀective anisotropy and DMI coeﬃcients, respectively, see the
Supporting Information. For a large curvature radius and small
torsion, K 0 ≈ A(l −2 + κ 2 − τ 2), K3 ≈ Aκ2 and D3 ≈ 2Aκ. The
dispersion law can be written using the substitution of plane
waves ϑ(s, t) = ϑk cos(ks − Ωt) and φ(s, t) = φk sin(ks − Ωt),
where ϑk and φk are small amplitudes, k is the wavenumber,
and Ω is frequency. The dispersion reads
K + K3
q
Ω2
= k2 + 0
+
(K 0 − K3)2 + 4D32k 2 .
2A
2A
c2

(5)

We note that the dispersion curve is similar to ﬂat biaxial
AFMs with DMI19 and remains symmetric with respect to the
sign of the momentum k. Yet, the geometrical tunability of the
anisotropy and DMI allows to unveil new physics of collective
excitations in curvilinear 1D AFMs.
The spin-wave spectrum (5) superimposed with spin−lattice
simulations (see the Supporting Information) is shown in
Figure 2a for two helix geometries (Figure 2b). The highfrequency optical branch with q = 1 is always gapped and the
change of the geometry aﬀects only the gap due to the
2
2
curvature-induced anisotropy, Ωqgap
=+1 = ω0 + cl(κ − τ )/2 .
In contrast, there is a strong qualitative impact of the curvature
on the low frequency branch. While it is gapless for a straight
spin chain,40 the gap Ωgap
q=−1 ≈ cκ appears for any ﬁnite
curvature as a results of the spin-wave hybridization, forming a
low-frequency optical branch with q = −1, see Figure 2a. The
curvature-induced DMI results in the emergence of a region
with a negative group velocity followed by a local minimum at
k = kmin on the dispersion curve with the depth δ, see Figure
2a, c. The presence of a negative group velocity is also
observed for multiferroics41 and exchange-dipolar modes in
AFM thin ﬁlms.42,43 The depth of the minimum increases with
κ and τ, see Figure 2d. The possibility to realize magnon
ground states not in equilibrium (k ≠ 0 at minimum energy)44
renders curvilinear 1D AFMs a ﬂexible platform to study
coherent excitations for spin superﬂuidity45−47 and BEC of
magnons48−51 with taking into account a proper pumping and
magnon thermodynamics.

Figure 2. (a) Spin-wave dispersion (5) for helical AFM spin chains
with τl = 0.1 and two curvatures κl = 0.6 (black) and κl = 0.15
(red). The result of spin−lattice simulations is shown by the
background color for a helical spin chain with the geometry with
τl = 0.1 and κl = 0.6. (b) Helix geometries calculated in a. (c) Spinwave dispersion (5) and simulations for κl = 0.9 and τl = 0.6. The
depth of the minimum in the acoustic branch is shown by δ. (d) The
depth δ for diﬀerent curvatures and torsions within the homogeneous
ground state (below red line, same as in Figure 1c). Dashed line
corresponds to the absence of minimum.
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DMI as adT, B/A ≈ 0.05, which is comparable with AFMs
supporting chiral domain walls.

CONCLUSIONS
We develop a theory of curvilinear one-dimensional antiferromagnets. We demonstrate that the intrinsically achiral
curvilinear AFM spin chain behaves as a biaxial chiral
helimagnet with geometrically tunable DMI and anisotropy.
The curvature-induced DMI results in the hybridization of
magnon modes in the chain. The low-frequency branch
possesses a local minimum supporting a long-living magnon
state, which allows consideration of 1D curvilinear AFMs as
the platform for the realization of BEC of magnons in k-space.
Furthermore, the symmetry and strength of the geometryinduced DMI opens perspectives for applications in antiferromagnetic spin−orbitronics, e.g. for ultrafast dynamics of
chiral domain walls.19,38 We consider copper-based52 and
DNA-based metal−organic frameworks53−56 as a promising
materials for experimental validation of our predictions. For
instance, one can expect the strength of curvature-induced
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