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ABSTRACT
Chiral antiferromagnets are currently considered for a broad range of applications in spintronics, spin-orbitronics, and magnonics. In contrast to the established approach relying on materials screening, the anisotropic and chiral responses of low-dimensional antiferromagnets
can be tailored relying on the geometrical curvature. Here, we consider an achiral, anisotropic antiferromagnetic spin chain and demonstrate
that these systems possess geometry-driven effects stemming not only from the exchange interaction but also from the anisotropy. Peculiarly,
the anisotropy-driven effects are complementary to the curvature effects stemming from the exchange interaction and rather strong as they
are linear in curvature. These effects are responsible for the tilt of the equilibrium direction of vector order parameters and the appearance of
the homogeneous Dzyaloshinskii–Moriya interaction. The latter is a source of the geometry-driven weak ferromagnetism emerging in curvilinear antiferromagnetic spin chains. Our ﬁndings provide a deeper fundamental insight into the physics of curvilinear antiferromagnets
beyond the r-model and offer an additional degree of freedom in the design of spintronic and magnonic devices.
Published under license by AIP Publishing. https://doi.org/10.1063/5.0048823

Antiferromagnets (AFMs) represent a rich class of technologically promising materials, whose magnetic properties are determined
by the antiparallel conﬁguration of neighboring spins.1–4 One of the
distinct properties of AFMs is related to the variety of intrinsic crystal
symmetries and mechanisms of the exchange5 and anisotropy.5,6
Within the phenomenological formalism, this is reﬂected in the speciﬁc energy invariants, mixing components of different vector order
parameters.7 In this way, Dzyaloshinskii–Moriya interaction (DMI) in
AFMs appears in two distinct forms. The so-called homogeneous
DMI links ferromagnetic and staggered order parameters and does
not contain their spatial derivatives. The homogeneous DMI is responsible for the anisotropic responses and weak ferromagnetism. The
inhomogeneous DMI described by the Lifshits invarians and also characteristic for ferromagnets determines the appearance of non-collinear
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and incommensurable magnetic textures.7–9 Among them, antiferromagnetic chiral domain walls and skyrmions are perspective information carriers2 and functional elements of prospective devices.10,11
Microscopically, the local break of the inversion symmetry leads to the
DMI12,13 and staggered spin–orbit torques.14 This enables an efﬁcient
interaction between the electrical current and magnetic textures,
resulting in ultrahigh velocities of magnetic solitons.15,16 In addition to
the intrinsic properties of the crystal lattice, the magnetic responses
can be tuned by the geometry of the samples, which allows us to utilize
boundary conditions17,18 and geometrical curvatures to design noncollinear magnetic states19 and dispersion curves.20
In this work, we develop the analytical approach beyond the
r-model to describe curvilinear one-dimensional (1D) AFMs and
determine conditions when they possess the geometry-driven weak
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ferromagnetism. We show that in contrast to ferromagnets (FMs),
AFMs exhibit the geometry-driven modiﬁcation of the magnetic
responses stemming not only from the exchange but also from the
anisotropy interaction. The key consequences of the fact that the
anisotropy axis follows the shape of the spin chain are the appearance
of the homogeneous DMI energy term and the tilt of the anisotropy
axis in the osculating plane. These effects originate from the multiplicity of magnetic sublattices in AFMs. Therefore, our results are of
importance for curvilinear ferrimagnetic systems as well.
We consider intrinsically achiral, anisotropic antiferromagnetic
spin chains with the Hamiltonian H ¼ Hx þ Ha þ Hf , where Hx
represents the nearest-neighbor exchange, Ha is the anisotropic part
of the Hamiltonian, and Hf is the interaction with the external magnetic ﬁeld H. The magnetic moments M i with i ¼ 0; N  1 and N
being the total number of spins are arranged along a space curve cðsÞ
with s being the arc length. The geometrical properties of c are
determined21 by the curvature, jðsÞ ¼ jc0  c00 j, and torsion
sðsÞ ¼ ½c0  c00   c000 = jc00 j2 , where prime indicates the derivative
with respect to s. The local reference frame is determined by the
tangential eT ¼ c0 , normal eN ¼ c00 =j and binormal eB ¼ eT  eN
directions, respectively. In the following, we discuss weakly curved
geometries, i.e., j; jsj  1=‘  1=a0 , where ‘ is the magnetic
length, determined by the competition between the exchange and
anisotropy interactions, a0 is the lattice constant. We assume that
the system is far below the Neel temperature and all magnetic
moments are of a constant length M0 ¼ 2lB S with lB being the
Bohr magneton and S being the spin length.
2
P The nearest-neighbor antiferromagnetic exchange Hx ¼ ðJS =2Þ
i li  liþ1 with the exchange integral J > 0 and li ¼ M i =M0 allows
us to identify two sublattices of magnetic moments and introduce
staggered (Neel) and ferromagnetic vector order parameters, ni
¼ ðl2i  l2iþ1 Þ=2 and mi ¼ ðl2i þ l2iþ1 Þ=2, respectively. The micromagnetic exchange energy reads
ð
Ex ¼ wx ds;
(1)
wx ¼ Km2 þ A0 ðn02  m02 Þ þ km  n0 ;
where n and m are the continuum counterparts of ni and mi , respectively, the constant of the uniform exchange K ¼ 2JS2 =a0 , exchange
stiffness A0 ¼ JS2 a0 and k ¼ 2JS2 ; see the supplementary material
for details. The latter term with the parity breaking coefﬁcient k lifts
the degeneracy of energy with respect to the dimerization of the AFM
chain.22–24 It renormalizes the exchange stiffness A ¼ A0 =2 within the
r-model and leads to the intrinsic magnetization of non-uniform textures.24 The expression (1) is similar to the exchange energy of 1D
AFMs24 with the difference that the spatial derivatives are taken in the
curvilinear reference frame. The curvature effects stemming from the
exchange term n02 are discussed in Ref. 20. The term m02 is expected
to affect the system near the spin-ﬂip transition. As we will show in
the following, the parity breaking term in (1) scales linearly with j and
s and is a source of the weak ferromagnetism in curvilinear AFM spin
chains.
The anisotropic contribution to the microscopic Hamiltonian
can be presented by the so-called inter-ion and single-ion anisotropies;25 see Fig. 1(a). In the simplest case of one symmetry axis ea at the
position of the i-th spin, the anisotropic part of the Hamiltonian reads
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FIG. 1. Anisotropic antiferromagnetic spin chain: (a) spin chain with unit vectors of
magnetic moments li (red arrows). Double arrows (green) show the anisotropy
axes of the single- and inter-ion anisotropies for the given magnetic sites HSI and
HII , respectively. (b) Micromagnetic representation of the spin chain along the
curve c with n being the Neel vector. The local TNB reference frame is indicated
with black arrows. Vector hD represents the effective ﬁeld of the longitudinal homogeneous DMI. The arrow e1 shows the equilibrium direction of the anisotropy axes
~ a.
due to the interplay between wa and w

Ha ¼ 

KSI S2 X
KII S2 X
ðli  ea Þ2 þ
ðli  ea Þðliþ1  ea Þ:
2
2
i
i

(2)

The ﬁrst term represents the single-ion anisotropy with the constant
KSI , which is determined by the spin–orbit interaction and is relevant
for S  1.5,25 The second term determines the inter-ion anisotropic
interactions with the anisotropy constant KII , originating from the
anisotropic exchange interaction, spin–orbit interaction, and dipolar
interaction.5,25 Micromagnetically, single-ion and inter-ion anisotropies have different contributions to the characteristic magnetic ﬁelds
of the phase transitions.25 If the dipolar interaction has no other competing anisotropic terms (the case of an isotropic AFM with dipolar
interaction), it leads to the hard-axis anisotropy with ea ¼ eT .20
In the following, we limit ourselves by the case of the tangential
direction of the anisotropy axis, ea ¼ eT . In this case, the micromagnetic expression for the anisotropy energy reads
ð


~ a þ wD ds;
Ea ¼ wa þ wpb þ w
wa ¼ Kn n2T  Km m2T ; wpb ¼ kT mT n0T ;
~ n nT nN  K
~ m mT mN ; wD ¼ hD  m:
~ a ¼ K
w

(3)
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Here, the ﬁrst term wa with Kn;m ¼ ðKSI 6KII ÞS2 =ð2a0 Þ represents
the regular micromagnetic anisotropy, also present in straight
spin chains with the given easy axis ea . The term wpb in (3) with
kT ¼ KII S2 introduces anisotropy into the exchange-driven parity
breaking term. Other terms are determined by the geometrical parameters of c; see Fig. 1(b).
The emergent homogeneous (longitudinal) DMI term wD indicates the presence of a weak ferromagnetism-like contribution with
the Dzyaloshinskii effective ﬁeld hD ¼ DSI ðnN eT þ nT eN Þ and
DSI ¼ jKSI S2 =2. These energy invariants can be present in crystals
with 2z or rz symmetry if ez axis is associated with the tangential
direction26 and are responsible for the nonlinearity of AFM resonance.27 The contribution of this term can be expected for any curve
with j ¼
6 0 if the AFM texture possesses the tangential and (or) normal components of n. In ﬂat systems n ¼ eB , which leads to hD ¼ 0.
In contrast, in space curves, the normal and binormal components of
n are present, e.g., in the homogeneous ground state of an AFM
helix;20 see Fig. 2(a). The strength of hD increases with torsion and curvature and can reach up to about 10% of the anisotropy ﬁeld [Fig.
2(b)]. Alternatively, the homogeneous DMI ﬁeld can be enhanced by
orders of magnitude at the location non-collinear AFM textures, such
as Bloch or Neel domain walls; see Fig. 2(c). We note that this
enhancement of the hD at the location of non-collinear textures is due
to the non-zero magnetization of the domain wall in a 1D system.24,28
The ﬁnite magnetization at the texture location makes the contribution of the wD term signiﬁcant.
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~ n;m ¼ jðKSI 6KII ÞS2 =2 represents the
~ a with K
The term w
non-diagonal components of the total anisotropy tensor contributing
to the energy in addition to the geometry-driven anisotropy stemming
from the exchange interaction. Note that the latter one is scaled as js
~ a / j; see Fig. 3(a). The
and absent in ﬂat curves20 in contrast to w
equilibrium direction of the anisotropy axes is determined by the diagonal form of the anisotropy tensor. The tilt w of the easy axis from eN
in the case of an AFM ring is shown in Fig. 3(b).
The interaction of the spin chain withPthe uniform external magnetic ﬁeld H is described by Hf ¼ M0 i li  H. The macroscopic
Lagrangian, allowing us to determine the equations
Ð of motion for the
_
vector order parameters reads L ¼ 2Ms =cÐ0 m  ½n  nds
 Etot
with the total energy Etot ¼ Ex þ Ea þ Ef ¼ wtot ds, where c0 is the
gyromagnetic ratio, the dot indicates the derivative with respect to
time, Ms ¼ M0 =ð2a0 ÞÐ is the saturation magnetization of one sublattice, and Ef ¼ 2Ms m  Hds is the energy of the interaction with
the magnetic ﬁeld. We limit the following discussion by the case of a
strong intrinsic anisotropy
with the hard
axis along eT . Then, the magﬃ
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
netic length reads ‘ ¼ A0 =ð2jKn jÞ, where Kn < 0. For the magnetic
ﬁelds smaller than or comparable to the spin-ﬂop ﬁeld, the magnetization of the ring is small enough, which allows us to apply a standard
variational approach for the Lagrangian to determine the relation
between n and m in equilibrium. Taking into account that m  n ¼ 0
and n2 þ m2 ¼ 1, the magnetization reads


m  1n  x0 n_ þ ð‘n0  H=H0 Þ  n ;
(4)
where 1 ¼ a0 =ð2‘Þ is the expansion parameter measuring the strength
of the peffective
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ anisotropy ﬁeld with respect to the exchange ﬁeld,
H0 ¼ KKn =Ms is the characteristic magnetic ﬁeld, and x0 ¼ c0 H0
is the characteristic frequency. The term

FIG. 2. Curvature-driven homogeneous DMI. Domain wall in an AFM helix. (b) The
homogeneous Dzyaloshinskii ﬁeld jhD j for the case of the homogeneous ground
state20 of the helical spin chain in the absence of the inter-ion anisotropy (1 ¼ 0:1).
The white region corresponds to the periodic ground state.20 (c) jhD j for Bloch and
Neel domain walls on a helical spin chain (j‘ ¼ 0:2; s‘ ¼ 0:1; 1 ¼ 0:1). The
region with the ground state of n is highlighted in gray.
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FIG. 3. Curvature-driven tilt of the anisotropy axis. (a) Relative strength of the
geometry-driven anisotropic term, which is proportional to the curvature
(KII =KSI ¼ 0:3; 1 ¼ 0:1). (b) Tilt angle of the anisotropy axis as a function of
curvature (KII ¼ 0; 1 ¼ 0:1). (c) AFM ring exposed to an external magnetic ﬁeld
H applied perpendicular to the ring plane. In equilibrium, the direction w of n coincides with the tilted anisotropy axis shown in panel (b).
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TABLE I. Comparison of geometry-driven responses in FM and AFM spin chains. The
exchange interaction contributes to the geometry-driven anisotropy and inhomogeneous
DMI in both, FMs and AFMs. A variety of sources of anisotropy and multiple vector
order parameters lead to the appearance of the geometry-driven anisotropic response
and homogeneous DMI of longitudinal symmetry in AFM spin chains. Curvature-driven
effects stemming from the anisotropy interaction are absent in FM spin chains.

Curvature-driven response in

Exchange
Anisotropy

anisotropy

hom. DMI

inhom. DMI

FM and AFM
AFM


AFM

FM and AFM


n0 ¼ ðn0T  jnN ÞeT þ ðn0N þ jnT  snB ÞeN þ ðn0B þ snN ÞeB : (5)
Eq. (4) originates from the parity breaking term in the expression for
the exchange energy (1). This is a source of the weak ferromagnetism
in curvilinear AFM spin chains, which is manifested by the presence
of a non-zero radial magnetization. Based on (4), for the weakly curved
spin chains supporting homogeneous textures in the TNB reference
frame, the magnetization reads m ¼ 1‘½jnN eT þ ðsnB  jnT ÞeN
snN eB . Therefore, for any spin chain arranged along either a planar
curve c with n ¼
6 eB or a space curve, the system will reveal a weak ferromagnetic response. The strength of the weak ferromagnetism is determined by the curvature and torsion.
The discussed here curvature effects from anisotropy are weaker
than those from exchange. Therefore, to explore them, in the following, we identify a system where these effects are pronounced and drive
the response of the system. For instance, it is insightful to consider a
ring geometry c ¼ Rf cos ðs=RÞ; sin ðs=RÞ; 0g, which implies constant
curvature j ¼ 1=R and s ¼ 0. In this case, the exchange-driven chiral
effects are not active and the ground state n ¼ eB is determined by the
exchange-driven easy-axis anisotropy with the coefﬁcient Kx ¼ j2 A.20
Being exposed to a magnetic ﬁeld applied along the ring axis,
experiences the spin-ﬂop transition at the
H ¼ Hez , the spin chain
pﬃﬃﬃﬃﬃﬃﬃ
spin-ﬂop ﬁeld Hsf ¼ j KA=Ms . This leads to the reorientation of the
n to the direction, which is perpendicular to the external ﬁeld; see Fig.
3(c). The energy of such a planar conﬁguration of the Neel vector
n ¼ cos /eT þ sin /eN
wtot
H2
¼ ‘2 ðj þ /0 Þ2 þ cos2 / þ 21j‘ sin / cos /  2 :
|ﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄ} |ﬄﬄ{zﬄﬄ} |ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ} H0
Kn
wa

wx

(6)

~a
w

The equilibrium direction of the Neel vector in the spin-ﬂop phase
is determined by the competition between the contributions of the
intrinsic hard axis anisotropy oriented along the tangential direc~ a . This is
tion in wa and the curvature-driven non-diagonal term w
the curvature effect stemming from the anisotropy interaction. The
minimization of Etot with respect to /ðsÞ leads to a uniform, tilted
texture in the local reference frame / ¼ 6p=2 þ w, where the tilt
angle reads
w  1j‘;

j‘  1:

(7)

A comparison of the theoretical prediction (7) with spin–lattice simulations using the in-house developed code SLaSi29 is shown in Fig.
3(b); see the supplementary material for details. The equilibrium direction of the magnetization m according to (4) reads
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m1

H
6j‘eT :
H0

(8)

The tilt of magnetization in the tangential direction is the consequence
of the parity breaking term in (1). Different signs in (8) correspond to
the energetically degenerate vortex states of the fundamental homotopy group p1 ðS1 Þ with the opposite chiralities (clockwise and
counterclockwise).
It is instructive to compare the modiﬁcation of the geometrydriven responses in FMs and AFMs; see Table I. The geometry-driven
chiral and anisotropic responses for the case of intrinsically achiral FM
spin chains originate from the exchange interaction.30 They lead to the
tilt of the principal axes of anisotropy31,32 and chiral responses
described by the energy invariants in the form of the inhomogeneous
DMI.31–33 In the intrinsically achiral AFM spin chains, the chiral helimagnetism originates from the nearest-neighbor exchange.20 The
interaction, which is tracking the sample geometry in isotropic FMs, is
the magnetostatics leading to the uniaxial anisotropy with the easy
axis along the tangential direction eT .34 In AFMs, the dipolar interaction leads to the hard axis eT ,20 which makes other anisotropic contributions (even if they are weak) to the Hamiltonian pronounced. The
latter leads to the appearance of the anisotropic and weakly ferromagnetic responses in curvilinear AFMs, stemming from the single- and
inter-ion anisotropies on the level of the spin Hamiltonian.
In summary, we develop an approach beyond the r-model to analyze curvilinear antiferromagnetism in the intrinsically achiral anisotropic spin chains. We identify the conditions of the presence of the
weak ferromagnetism in a curvilinear AFM spin chain and determine
the contribution to the geometry-driven magnetic responses stemming
from the anisotropy interaction, which are speciﬁc to AFM materials.
The latter emerges due to the presence of two vector order parameters
(ferromagnetic and staggered one) in contrast to FMs and is determined
by the local curvature j of the chain. Thus, the geometry-driven effects
stemming from the anisotropy interaction should be pronounced even
for ﬂat curvilinear antiferro- and ferrimagnetic architectures.
Considering two general microscopic models of anisotropy, namely, single- and inter-ion anisotropies where the anisotropy hard axis is
assumed to be along the tangential direction, we quantify the tilt of the
principal axes of anisotropy and identify the appearance of the
geometry-driven homogeneous DMI energy term and the additional
contribution to the parity breaking coefﬁcient. This work opens up an
additional route to control AFM textures in spintronic, spin-orbitronics,
and magnonic devices relying on the geometrical curvature. In particular, the perspective platforms are atom-by-atom tailored nanomagnets35–37 and molecular magnets (e.g., wheels with AFM coupling38,39).
See the supplementary material for details of analytical derivation
of the micromagnetic model from spin–lattice Hamiltonian, spin–lattice simulations, and notes on the intrinsic magnetization of curvilinear AFM spin chains.
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