
o-band
d, shows
red vortex”
ween the
ameter is
Physics Letters A 344 (2005) 432–440

www.elsevier.com/locate/pla

Domain walls and textured vortices in a two-component
Ginzburg–Landau model

S. Madsena,∗, Yu.B. Gaidideib, P.L. Christiansenc, N.F. Pedersena

a Ørsted•DTU, Electric Power Engineering, The Technical University of Denmark, DK-2800 Kgs. Lyngby, Denmark
b Bogolyubov Institute for Theoretical Physics, 252143 Kiev, Ukraine

c Informatics and Mathematical Modelling and Department of Physics, The Technical University of Denmark,
DK-2800 Kgs. Lyngby, Denmark

Received 21 April 2005; accepted 27 June 2005

Available online 5 July 2005

Communicated by A.R. Bishop

Abstract

We look for domain wall and textured vortex solutions in a two-component Ginzburg–Landau model inspired by tw
superconductivity. The two-dimensional two-component model, with equal coherence lengths and no magnetic fiel
some interesting properties. In the absence of a Josephson type coupling between the two order parameters a “textu
is found by analytical and numerical solution of the Ginzburg–Landau equations. With a Josephson type coupling bet
two order parameters we find the system to split up in two domains separated by a domain wall, where the order par
depressed to zero.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction

The long list of physical systems where topologi
defects plays an important role includes such se
ingly different fields as superconductivity[1], cosmol-
ogy [2], and singular optics[3], to name a few. In
cosmology, e.g., topological defects in the form of v
tices have been considered as the seed of galaxy

* Corresponding author.
E-mail address: soeren@madsen2themax.dk(S. Madsen).
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mation by their gravitational field in various differe
gravitational theories[4]. In singular optics, e.g., opti
cal vortices[5] has been considered in connection w
pattern formation in lasers[6]. The study of topologi-
cal defects in field theoretic models are thus of bro
physical interest, though we are here inspired by t
gap superconductivity.

The most famous topological defect in superc
ductivity is without doubt the Abrikosov vortex, bu
different types may also be considered. We s
here use a simplified version of the two-compon
Ginzburg–Landau theory to consider domain wa
.
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and non-Abrikosov types of vortices. The model is
spired by the discovery of superconductivity in MgB2
a few years ago[7]. Of particular, interest is the pre
ence of two energy gaps[8] leading to two order para
meters in a Ginzburg–Landau type of theory[9]. This
kind of multi-component Ginzburg–Landau theory h
previously been discussed by several authors[10]. In
the present work we consider a simplified vers
of the two-component Ginzburg–Landau theory,
which magnetic effects are neglected, order para
ters are assumed to have equal coherence lengths
the case of an isotropic superconductor is conside
Even in this simple model, interesting features in
form of topological defects are found.

The Letter is organized in the following way:
Section 2, starting from the free energy function
for the two-component Ginzburg–Landau model
derive analytical solutions corresponding to dom
walls and textured vortices. In Section3 we solve the
coupled partial differential equations numerically a
discuss the relationship to the analytical results
tained in Section2. Section4 contains our conclusion

2. Theory

We consider the two-dimensional static case
scribed by the free energy functional

F =
∫

d2x

(
1

2
(∇ψ1)(∇ψ1)

∗ + 1

2
(∇ψ2)(∇ψ2)

∗

(1)+ V
(|ψ1|, |ψ2|

) − η
(
ψ∗

1ψ2 + ψ1ψ
∗
2

))
,

whereψ1 andψ2 are the two normalized order par
meters,η is the strength of the Josephson type c
pling between the order parameters, andV is the stan-
dard 4th order Ginzburg–Landau potential in each
the order parameters

V
(|ψ1|, |ψ2|

)
(2)= −1

2

(|ψ1|2 + |ψ2|2
) + 1

4

(|ψ1|4 + |ψ2|4
)
,

where we have assumed equal coherence length
the two order parameters.
d

r

2.1. Domain walls

We first consider a domain wall linking two phase
Assuming real order parameters andψ1 = ±ψ2, the
equations

(3)∇2ψ1 + (1± 2η)ψ1 − ψ3
1 = 0

is obtained from the Euler–Lagrange equations. C
sidering the case whereψ1 is independent of they-
coordinate, a solution to the above equation becom

(4)ψ1 = √
1± 2η tanh

(√
(1± 2η)

2
x

)
,

describing a domain wall located along they axis.
Note, for η > 0 (η < 0) the solution withψ1 = ψ2
(ψ1 = −ψ2) has a lower energy than the solution w
ψ1 = −ψ2 (ψ1 = ψ2).

Note that the domain wall is similar to a SN
Josephsonπ -junction[13].

2.2. Textured vortices

We now consider textured vortex solutions. Assu
ing real order parameters, we may write

ψ1 = F(x, y)cosφ(x, y),

(5)ψ2 = F(x, y)sinφ(x, y),

whereF andφ denote amplitude and phase, resp
tively. The field equations then become

(6)∇ · (F 2∇φ
) + 2ηF 2 cos2φ + F 4

4
sin4φ = 0

and

∇2F − F(∇φ)2

(7)= F 3

4
(3+ cos4φ) − F(1+ 2η sin2φ).

An approximate analytical solution to Eqs.(6) and
(7) in the far-field is obtained by assuming vanishi
derivatives ofF in Eq.(7), leading toF = 0 or

(8)F 2 = 4(1+ 2η sin2φ − (∇φ)2)

3+ cos4φ
.

Inserting the latter expression into Eq.(6) and neglect-
ing ∇F , we obtain the approximative equation

(9)∇2φ + 4η cos2φ + 1
sin4φ = 0,
2
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valid for φ ≈ π/4 + nπ/2 with n = 1,2, . . . (i.e.,
cos4φ ≈ −1).

Requiring two-fold symmetry we get the bounda
conditions

(10)
∣∣ψi(r,χ)

∣∣ = ∣∣ψi(r,χ + nπ)
∣∣, i = 1,2,

wheren = 1,2, . . . , thus

(11)φ(r,χ) = φ(r,χ + nπ) + nπ,

where(r,χ) are polar coordinates in the(x, y) plane.
In Appendix Awe show that an approximative s

lution to Eqs.(9) and (11)may be written as

(12)φ = π

4
± tan−1

(
β sc

(
2K(m)

π
χ

∣∣∣∣ m

))
,

where sc(s|m) is the Jacobi elliptic function sc=
sn/cn with modulusm [14], which is determined by
solving

(13)
2K(m)

π
= r

√
4c

2− m
,

K(m) being the complete elliptic integral of the fir
kind [14]. β andc are given by

(14)β =
√

4c

2c + 4η − 1

1− m

2− m

and

(15)

c = 2− m

2m

(
2− m

m
+

√(
2− m

m

)2

− 1+ 16η2

)
.

Thus,m depends onr as well asη.
Forη = 0, the two-fold symmetric boundary cond

tions, Eq.(10), become four-fold symmetric, Eqs.(10)
and (11)hold whenn is half-integer, and

(16)φ = tan−1
(

sinh(y/
√

2)

sinh(x/
√

2)

)
,

becomes anexact solution to Eq.(9) [11].
Figs. 1 and 2show the analytical solutionF , given

by Eq. (8), and the vector(cosφ,sinφ), φ given by
Eq.(12), for zero and non-zero value of the Joseph
type coupling strength,η. ComparingFigs. 1 and 2, we
clearly see that the presence of the Josephson cou
term breaks the 4-fold symmetry.
3. Numerical solutions

To obtain numerical solutions, the partial differe
tial equations resulting from the free energy functio
in Eq. (1) are discretized using 2nd order finite d
ferences. A spatial separation of 0.125 is used for
the spatial derivatives. A temporal damping term
added. The resulting “time-dependent” equations
then solved by an Euler method. This relaxation p
cedure is continued until the energy difference,�F ,
between two subsequent time-steps is less than 1−7.
Neumann boundary conditions,n ·∇ψi = 0 wheren is
a normal to the boundary andi = 1,2, were choosen in
agreement with usual Ginzburg–Landau simulati
for zero magnetic field[12]. We consider a square an
a circular1 geometry. For brevity anti-vortex solution
are not discussed.

We first consider the textured vortex solutions
η = 0, described by Eqs.(8) and (16). Using this an-
alytical far-field solution as initial conditions for th
Euler procedure, we obtain the plots in the left c
umn of Figs. 3 and 4. Note, the initial conditions in
the square geometry has been rotated to fit the s
metry of the geometry. The overall agreement betw
these plots and the plots inFig. 1is quite good, excep
near the origin where the numerical solution hasF = 0
which is far from the assumptions made in the deri
tion of Eqs.(8), (12) and (16).

Now, the solutions forη �= 0 are obtained as func
tion of “time” using again the Euler procedure with t
relaxed numerical solutions forη = 0, just obtained, a
initial conditions. The result is shown inFigs. 3 and 4.
The left column is the initial conditions, the midd
column is the solution at a selected time, and the r
column is the numerical solution after convergence
the Euler procedure. We see the four-fold symme
solution forη = 0 develops towards a two-fold sym
metric solution forη �= 0. The presence of theη-term
changes the energy densities of the four phases,
that two of them has lower energy density than
other two, leading to a motion of the domain walls
minimize the area of the high-energy domains. T
development occurs faster in the circular case (Fig. 4
shows only two domains att = 70) than in the squar

1 Within the resolution of the square discretization of the spa
coordinates.
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-field

Fig. 1. Far-field solution. Top row:F given by Eq.(8). Bottom row: vector(cosφ,sinφ) (not to scale).φ given by Eq.(12). η = 0. Left: vortex
(+ in Eq. (12)). Right: anti-vortex (− in Eq. (12)). F2 in Eq. (8) becomes negative near the origin, signaling the breakdown of the far
assumption.
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case (Fig. 3still has all four domains att = 327). The
difference between the “dynamics” in the square a
circular geometries is caused by the Neumann bou
ary conditions, which require that the domain wa
are perpendicular to the boundary of the system. T
counter-act the minimization of the high-energy d
mains in the square geometry. Thus, we see a com
elimination of the high energy domains for the circ
lar case, while all four domains remain in the squ
case. From this it is evident that by changingη in the
square geometry, the domain sizes may be change

To study the difference between the numerical
lutions inFigs. 3 and 4, we calculate the winding num
ber,n, given by[11]

(17)2πn ≡
∮
C

(
∂xφ(x, y) dx + ∂yφ(x, y) dy

)
,

whereC is an arbitrary contour around the vortex a
φ is defined in Eq.(5). For vortex and anti-vortex
solutionsn is an integer different from zero,n pos-
itive (negative) corresponds to a vortex (anti-vorte
In Fig. 5, we have plottedn as a function of “time”
for the two cases corresponding toFigs. 3 and 4. As
C we have choosen a circle, centered at the ori
Two different radii have been used in each case,r = 7
andr = 11. The figure shows, that in the square c
the vortex remains (i.e.,n ≈ 1 ast increases) but fo
the circular case the vortex moves out of the sys
(i.e.,n → 0, after reaching a maximum value, ast in-
creases). Note thatn diverges from unity earlier fo
r = 7 than forr = 11 in agreement with the outward
vortex motion.

The Neumann boundary conditions used in the
merical simulations causes the difference between
dynamics of the square and circular geometries.
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f the

Fig. 2. Far-field solution. Top row:F given by Eq.(8). Bottom row: vector(cosφ,sinφ) (not to scale).φ given by Eq.(12). η = 0.05. Left:
vortex (+ in Eq. (12)). Right: anti-vortex (− in Eq. (12)). F2 in Eq. (8) becomes negative near the origin, signaling the breakdown o

far-field assumption.
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the circular system with a vortex at the exact cen
the Neumann boundary conditions corresponds to
image anti-vortex located at infinity. When the vo
tex is not located exactly at the center, the ima
anti-vortex lies at a finite distance. The attraction
tween the vortex and the image anti-vortex results
a motion of the vortex along the domain wall. F
the square case, the boundary conditions lead to m
tiple image anti-vortices located outside the syste
thus creating a more stable state than in the ci
lar geometry. Note, that for coarser discretization
the equations, we observe vortex motion also in
square system. Thus, the difference between the
namics in the square and circular geometry is t
due to finite size effects which seem to play a ma
role.

For the circular geometry withη = 0.05 we get a
system with only two phases linked by a domain w
This is precisely the domain wall solution found
Eq. (4). To check this, we plot inFig. 6 the expres-
sion given by Eq.(4) as well asψ1(x,0) from the data
in the right column ofFig. 4. The agreement is seen
be excellent.

The solution forη �= 0 plotted inFig. 2 is not ob-
served as a stationary state in our numerical si
lations. However, the solution in the middle colum
of Figs. 3 and 4and in the outer part of the 2n
and 4th quadrant of the square in the right colu
of Fig. 3 possess some resemblance to the analy
solution plotted inFig. 2. The corresponding expre
sion in Eq.(12) was derived for the static case ne
F 2 = 2(1± 2η). Thus, such a resemblance may not
expected to hold near the origin and along the dom
wall (shown inFig. 4) which separates the two low
energy phases, sinceF 2 is here very different from
2(1± 2η).
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n

l

Fig. 3. Square geometry: “Time”-evolution ofF (upper) and the vector(cosφ,sinφ) (lower) forη = 0.02. Initial conditions: numerical solutio
for η = 0. Snapshots at:t = 0 (left, initial conditions),t = 35 (middle), andt = 327 (right, final stage).

Fig. 4. Circular geometry: “Time”-evolution ofF (upper) and the vector(cosφ,sinφ) (lower) for η = 0.05. Initial conditions: numerica
solution forη = 0. Snapshots at:t = 0 (left, initial conditions),t = 14 (middle), andt = 70 (right, final stage).
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Fig. 5. Winding number,n, given by Eq.(17) for square (Fig. 3)
and circular geometry (Fig. 4). In the square geometry, the vorte
present att = 0 remains in the system, i.e.,n ≈ 1 also fort > 70
(not shown). In the circular geometry the vortex disappears a
approximately 70 time units.

Fig. 6. ψ1(x,0) from numerical solution in circular geometr
(Fig. 4, t = 70, η = 0.05). The analytical domain wall solution i
Eq.(4) fits the numerical data. Sinceη > 0, ψ1 = ψ2.

The average energy densities of the initial state
η = 0) and final state (forη �= 0) solutions considere
in Figs. 3 and 4are roughly 10%–20% higher than th
energy density of the homogeneous stateψ1 = ±ψ2 =√

1± 2η, thus the domain wall and textured vortex s
lutions are excited states.

4. Conclusion

Domain walls and textured vortices in a tw
component Ginzburg–Landau model, inspired by tw
gap superconductivity were investigated analytica
and numerically. In particular, we study the effe
of a Josephson type coupling term between the
der parameters. Without Josephson coupling we fin
“textured vortex” solution and for non-zero Josephs
coupling this “textured vortex” develops into a doma
wall. As a consequence the vortex is lost in the syst
By changing the geometry of the system, we find t
boundary effects may prevent escape of the vortex
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Appendix A. Approximate solution of Eq. (9)

We consider

(A.1)∇2φ + a cos2φ + b sin 4φ = 0,

which for a = 4η andb = 1/2 becomes Eq.(9). Fol-
lowing Ref. [11] we make the approximation∇2φ ≈
φ′′/r2 where primes denotes differentiation with r
spect to the angular coordinate,χ . Eq. (A.1) then re-
duces to

(A.2)
1

r2
φ′′ + a cos2φ + b sin4φ = 0,

which we shall solve subjected to the boundary c
ditions in Eq.(11). Introducing the auxiliary variable
ϕ ≡ φ − π/4 and integrating,

(A.3)
1

2r2
(ϕ′)2 + a

2
cos2ϕ + b

4
(cos4ϕ + 3) = c,

is obtained, where the integration constant is con
niently choosen asc − 3b/4. We limit ourselves to
solutions wherec > a/2 + b > 0, and introduce the
auxiliary variablet ≡ tanϕ. Eq.(A.3) may now be re-
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arranged as

(A.4)
dt√

(t2 + α2)(t2 + β2)
= ±r

√
2c + a − 2b dχ,

which integrates into

(A.5)F
(
tan−1 t

β
|m) = ±αr

√
2c + a − 2b(χ − χ0),

where F(u|m) is the elliptic integral of the first kind
with modulusm [14], given bym = (α2 − β2)/α2,
χ0 is an integration constant, and the roots of the 2
degree polynomial int2

(A.6)(c + a/2− b)t4 + 2ct2 + c − a/2− b = 0,

are denoted by−α2 and−β2, respectively. They ma
be expressed as

(A.7)α =
√

4c

2c + a − 2b

1

2− m

and

(A.8)β =
√

4c

2c + a − 2b

1− m

2− m
.

Solving Eq.(A.5) for ϕ we get

(A.9)tanϕ = ±β sc
(
αr

√
2c + a − 2b(χ − χ0)|m

)
.

Rewriting the boundary condition, Eq.(11), as
tanϕ(χ + nπ) = tanϕ(χ) and using the periodic
ity of the Jacobi amplitude function[16], am(s +
2nK(m)|m) = am(s|m) + nπ , we get

(A.10)αr
√

2c + a − 2b = 2

π
K(m).

From this equation, we may determinem, using

(A.11)

c = b
2− m

m

(
2− m

m
±

√(
2− m

m

)2

− 1+ a2

4b2

)
,

which is obtained by insertion of Eqs.(A.7) and (A.8)
into m = (α2 − β2)/α2.

In the limit m → 1 Eqs.(A.7), (A.8) and (A.11)
yield

(A.12)lim
m→1

α = a + 2b

a
,

(A.13)lim
m→1

β = 0,

(A.14)lim
m→1

c =
{

a/2+ b,

a/2+ b/2.
Since limm→1 K(m) = ∞, we get from Eq.(A.10) that
m → 1 must correspond tor → ∞. This tells us, tha
in order to satisfyc > a/2 + b for all r , + sign in
Eq.(A.11) must be choosen.

For a = 4η, b = 1/2 andχ0 = 0, Eqs.(A.9), (A.7),
(A.8), (A.10), and (A.11)yield the solution given by
Eqs.(12)–(15).

Fora = 0 andb = 1/2 Eq.(A.1) reduces to

(A.15)∇2φ + 1

2
sin 4φ = 0,

which has the solution[15]

(A.16)φ = ±1

2
am

(
4K(m)

π
χ

∣∣∣∣µ
)

,

where am(s|µ) is the Jacobi elliptic amplitude func
tion with modulusµ, whereµ must be determine
from2

(A.17)

√
2

µ
rπ = 4K(µ).

The general solution in Eqs.(A.9), (A.7), (A.8),
(A.10), and (A.11)reduces to Eqs.(A.16) and (A.17)
whenχ0 = −π/4 and

(A.18)m = 4
√

µ

(1+ √
µ)2

.
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