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In this supplemental materials we present details of derivation of the equation for a radial sym-
metrical solution for the case of a surface of rotation. Also we explain how to calculate topological
charge and analyze stability of the obtained solutions. We present details of full scale micromag-
netic simulations, which confirms the theoretical predictions made in the main text, in particular,
we demonstrate the switching process between different skyrmion states of the skyrmion multiplet.
Finally, we present a kind of catalog of possible skyrmion and trivial solutions for the case of the
Gaußian bump.

S.I. GEOMETRICAL PROPERTIES OF A
SURFACE OF REVOLUTION

Curvilinear properties of the considered surface of ro-
tation (see Fig. 1(d) in the main text) are completely
determined by two principal curvatures

k1(r) =
z′′(r)

[1 + z′(r)2]3/2
, k2(r) =

z′(r)

r
√

1 + z′(r)2
. (S1)

Here k1 is curvature of γ while k2 is curvature of the
curve created by the section of the surface with the plane
perpendicular to γ at each given point. For a surface of
rotation the principal curvatures are not independent: for
the known k1 the curvature k2 can be found as a solution
of differential equation rk′2(r) + k2(r) = k1(r) with the
initial condition k2(0) = k1(0). Principal curvatures are
invariants of the surface, so they can be considered as
functions of the point.

In the following it is convenient to use the natural pa-
rameter s (the arc length along γ) instead of param-
eter r. The functional dependence r = r(s) between
the parameters is determined by differential equation
r′(s)2

[
1 + z′r(r(s))

2
]

= 1 supplemented with the initial
condition r(0) = 0. An example of the dependence r(s)
for a Gaußian bump is shown in Fig. S1. Function r(s)
completely determines curvilinear properties of the sur-
face:

k1(s) =
z̄′′(s)

r′(s)
= −r

′′(s)

z̄′(s)
, k2(s) =

z̄′(s)

r(s)
, (S2)

where z̄(s) = z(r(s)). From (S2) one obtains the follow-
ing useful properties

K = −r′′/r, [k1(s)− k2(s)]r′ = k′2(s)r. (S3)

FIG. S1. Arc length parameterization. Dependence r(s)

for the Gaußian bump z(r) = Ae−r2/(2r20) with A = 3 and
r0 = 1.

S.II. EQUILIBRIUM SOLUTIONS

Equilibrium solutions are determined by set of equa-
tions

δE

δθ
= 0,

δE

δφ
= 0, (S4)

where the energy functional E is defined in (1). Exchange
energy density for an arbitrary curvilinear film reads1,2

Eex = [∇θ − Γ]
2

+ [sin θ(∇φ−Ω)− cos θ∂φΓ]
2
. (S5)

Here Ω is vector of spin connection and Γ = ||hαβ || · ε,
where ||hαβ || is Weingarten map. For details see Refs. 3–
5.

Substituting into the total energy (1) the contributions
from the exchange (S5), DMI (2) and the easy-normal
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anisotropy contribution one can write equations (S4) in
the following expanded form

∆θ − sin θ cos θ
[
1 + (∇φ−Ω)2 − (∂φΓ)2 + dH

]
−∇·Γ + cos 2θ(∇φ−Ω)·∂φΓ + d sin2 θ∇·ε = 0,

∇·
[
sin2 θ(∇φ−Ω)

]
− sin θ cos θ [(∇φ−Ω)·Γ + ∇·∂φΓ]

+ sin2 θ [2(∇θ · ∂φΓ)− Γ·∂φΓ− d(∇θ ·ε)] = 0.

(S6)

For the case of the considered surface of rotation the
vector of spin connection is Ω = −eχr′/r, and Γ =
k1 cosφes + k2 sinφeχ. In this case one can see that
Eqs. (S6) have solution φ = Φ = 0, π, and θ = Θ(s),
wherein the second equation in (S6) becomes an identity
while the first one obtains the form

∆sΘ− sin Θ cos Θ Ξ + C
r′

r
(d− 2k2) sin2 Θ = CH′. (S7)

Constant C = cos Φ = ±1 determines sign of the radial
component ms = C sin Θ, while the azimuthal component
mχ = 0 is absent. In this case without loss of generality
one can fix the value C = +1 by expanding the range of
values of function Θ(s) to the full circumference Θ ∈ R.

Note, that such a simple solution is possible for the
interfacing DMI, while for another types of DMI the set
of equations (S6) can not be generally uncoupled.

Energy (1) of a solution of Eq. (3) reads

E =
1

4

∞∫
0

[
Θ′2 + 2Θ′

(
d sin2 Θ− k1

)
+ Ξ sin2 Θ

− 2k2
r′

r
sin Θ cos Θ + k2

1 + k2
2 − dH

]
r(s)ds,

(S8)

where E = E/Ebp is the normalized energy with Ebp =
8πAL being energy of the Belavin-Polyakov soliton.6

S.III. TOPOLOGICAL CHARGE
CALCULATION

Let us calculate topological charge Q – degree of the
mapping to sphere S2:

Q =
1

4π

∫
JdS. (S9)

Here the mapping Jacobian J reads5

J =− sin θn · [(∇θ − Γ)× (∇φ−Ω)]

+ cos θn · [∇θ × ∂φΓ]− cos θK,
(S10)

where Γ and Ω are defined in the previous section. For
the case of solution θ = Θ(s) and φ = 0, π determined
on the considered surface of rotation one has ∇θ = esΘ

′,
∇φ = 0, Γ = Ck1es, ∂φΓ = Ck2eχ and Ω = −eχr′/r.

The substitution into (S10) with the subsequent integra-
tion (S9) results in

Q =
1

2
[r′(s) cos Θ(s)]

∣∣∣∣∞
0

=
1

2

cos Θ(r)√
1 + z′(r)2

∣∣∣∣∣
∞

0

. (S11)

When integrating (S9) one should use the properties (S3).
For a smooth and localized curvilinear defect one has
z′(0) = z′(∞) = 0, thus (S11) result in the common
formula

Q =
1

2
[cos Θ(∞)− cos Θ(0)] . (S12)

S.IV. STABILITY ANALYSIS

Here we consider stability of the obtained stationary
solutions Θ and Φ with respect to infinitesimal devia-
tions:

θ = Θ + ϑ, φ = Φ + ϕ/ sin Θ, (S13)

where |ϑ| � 1 and |ϕ| � 1. In this case the total nor-
malized energy (1) can be presented in form E ≈ E0 + ε,
where E0 = E[Θ,Φ] is energy of the unperturbed state,
and harmonic part of the energy increase reads

ε =
1

8π

∫
ΨtĤΨ dS. (S14)

Here Ψ = (ϑ, ϕ)t and

Ĥ =

(
−∆ + U1 W∂χ
−W∂χ −∆ + U2

)
. (S15)

The Laplace operator has the form ∆ = ∆s+r−2∂2
χχ and

potentials are as follows

U1 = cos 2Θ Ξ− C
r′

r
(d− 2k2) sin 2Θ,

U2 = cos2 Θ Ξ−Θ′2 + k2
2 − k2

1 − C(d− 2k1)Θ′

− C
r′

r
(d− 2k2) sin Θ cos Θ,

W =2
r′

r2
cos Θ− C

r
(d− 2k2) sin Θ.

(S16)

Using the Fourier series expansion

ϑ(s, χ) =
f0(s)

2
+

∑
µ∈Z\{0}

[
fµ(s) cosµχ+ f̄µ(s) sinµχ

]
,

ϕ(s, χ) =
ḡ0(s)

2
+

∑
µ∈Z\{0}

[ḡµ(s) cosµχ+ gµ(s) sinµχ]

one can present energy (S14) in form

ε =
1

8

∑
µ∈Z

∫
r(s)

[
ψt
µĤµψµ + ψ̄t

µĤ−µψ̄µ
]

ds, (S17)
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where ψµ = (fµ, gµ)t, ψ̄µ = (f̄µ, ḡµ)t and

Ĥµ =

(
−∆s + µ2

r2 + U1 µW

µW −∆s + µ2

r2 + U2

)
. (S18)

Stationary solution (Θ, Φ) corresponds to a minimum of
energy iff ε > 0 for any ψµ and ψ̄µ. Taking into account

that eigenvalues λ
(µ)
i of operator Ĥµ do not depend on

sign of µ, one can state that positiveness of all λ
(µ)
i for

all is a sufficient condition for the energy minimum, i.e.
stability.

In order to check stability of a solution (Θ, Φ) we found

numerically the lowest eigenvalues Λ(µ) = mini λ
(µ)
i of

operators Ĥµ, with µ = 0, 1, . . . 4. If all Λ(µ) > 0, we
conclude that the solution (Θ, Φ) is stable. In case of
the skyrmion solution one can say that the bump ef-
fectively generates pinning potential. If Λ(1) < 0 and
Λ(µ6=1) > 0, then we conclude that the bump effectively
generates repulsing potential. One can say about dis-
placement instability in this case. For the cases Λ(0) < 0
and Λ(2) < 0 one can say about radial7 and elliptical7,8

instability, respectively.

S.V. MICROMAGNETIC SIMULATIONS

The static skyrmion profiles as well as the switch-
ing dynamics is calculated by solving numerically the
Landau-Lifshitz-Gilbert equation with our GPU accel-
erated finite-element package TetraMag.9 We use the
typical material parameters of Pt/Co/AlOx layer struc-
tures: saturation magnetisation Ms = 1.38 T, exchange
constant A = 1.6 × 10−11 J/m and uniaxial anisotropy
K = 1.3×106 J/m3 directed towards the surface normal.
For comparison to the theory, we additionally perform
the same simulations neglecting the nonlocal part of the
magnetostatic interaction, i.e. we reduce the magneto-
statics to to an effective easy-surface anisotropy. There-
fore for these simulations we use the effective anisotropy
directed towards the surface normal with K → Keff =
K − 2πM2

s = 5.1 × 105 J/m3 . These parameters corre-

spond to the magnetic length of ` =
√
A/Keff = 5.6 nm.

The simulated geometry is a 1 nm thick surface of ro-
tation in form of Gaußian bump of 168 nm in diameter.
The bump amplitude and radius are 2` (A = 2) and 1`
(r0 = 1), respectively. The same geometrical parameters
are used to illustrate the competition between various
topological and trivial states, see Fig. 2; they also corre-
spond to the points “a”–“d” shown in Fig. 3. The volume
was discretized into approximately 720,000 tetrahedrons.
In the central sample area, where the skyrmion solu-
tions are expected, the average tetrahedron edge length is
0.1 nm. For all simulations we used an elevated Gilbert
damping α = 0.5. The DMI is implemented into our
TetraMag code in the form as used in the manuscript,
namely Ed = mn∇·m−m·∇mn, with the corresponding
effective fieldHDMI = − 2D

Ms
[n∇ ·m−∇(m · n)], where

(b)(a)

FIG. S2. Magnetisation distribution of the (a) big and (b)
small equilibrium skyrmions obtained from micromagnetic
simulations. Geometrical and material parametrs correspond
to the point “b” in Fig. 2, see also Fig. S6.
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FIG. S3. Comparison of the profiles Θ(r) of the (a) big and
(b) small skyrmions obtained by means of the simulations
and predicted by the theory. Parameters are the same as in
Fig. S2.

n is the surface normal vector. The DMI constant used in
the simulations is D = −1.05×10−3 J/m2 (d = −0.368).
For this DMI value according to the theory the energy
of the small and the big skyrmions should be equal, see
point “b” in Fig. 2 and also Fig. S6.

In Fig. S2 the vector representation of the magneti-
sation distributions of the big and small skyrmions are
shown. The skyrmion profiles are compared in Fig. S3.
Note a perfect quantitative agreement between the the-
ory and simulations for both cases with magnetostatics
and with effective anisotropy. The latter can be consid-
ered as a justification of the assumptions that the nonlo-
cal magnetostatic interaction can be reduced to the local
easy-surface anisotropy for thin films.

The switching between the skyrmion states is induced
by a short Gaußian shaped external magnetic field pulse

Bpls = B0 exp
[
− (t−t0)2

2σ2

]
. The maximum field value is

reached at t0 = 100 ps and the puls width is σ=30 ps.



4

(a)

(b)

50 100 150 200 250 300
1.16

1.18

1.20

1.22

1.24

1.26

1.28

1.30

100 200 300 400

1.2

1.4

1.6

1.8

2.0

2.2

2.4

FIG. S4. Evolution of the total internal energy during switch-
ing from the (a) big to the small and (b) small to big skyrmion.

The pulse amplitude is different for the different cases:
B0 = 350 mT (B0 = 950 mT) for the switching from
big to small (from the small to the big) skyrmion. The
switching processes are visualized in the supplemental
movies.

The time evolution of the total internal energy (with-
out Zeeman energy) normalised to the energy of a

skyrmion with infinitesimally small radius (Ebp = 8πAL)
is plotted in Fig. S4 for the two types of switchings.
Note, that the energies for the large (Ei = 1.17) and
small (Eii = 1.16) skyrmions are very close to the the-
oretically predicted value Eth = 1.167. The switching
process is highly asymmetrical: the field amplitude re-
quired for the switching “big→small” is much smaller as
compared to the reverse switching “small→big”. As a
consequence, the system gains different energy impacts,
namely ∆E1 = 0.13 and ∆E2 = 1.25 for the switching
“big→small” and “small→big”, respectively. This is re-
flected in Fig. S4. Since ∆E1 � 1, we are in the regime,
which is far from the violation of the topological charge
conservation. Although ∆E2 > 1, the topological charge
conservation is not violated because the skyrmion radius
is increased during the switching process.

Assuming that value of the absorbed energy ∆E1 is
close to the height of the energy barrier, which separates
two states, one can estimate the corresponding activa-
tion temperature T1 = ∆E1/kb ≈ 3.8× 103 K, where kb
is the Boltzmann constant. This means that for room
temperature the spontaneous switching due to the ther-
mal activations is not possible. For the same reasons the
temperature activated switching between states with the
different topological charges is also not possible.

S.VI. EXAMPLES OF POSSIBLE
EQUILIBRIUM MAGNETIZATION STATES

In Figs. S5–S10 we present spectra of stable solutions
of Eq. (2), which correspond to the points a–f in Fig. 3.
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FIG. S5. Spectrum of equilibrium magnetization states, which correspond to point “a” in Fig. 3 — A = 2, r0 = 1, d = −1.2.
The lowest I and the highest III energy skyrmions correspond to lines I and III in Fig. 2, respectively. Non-topological solutions
I′ and II′ correspond to the lines I′ and II′, respectively.

1.167

0.211

I II II'

FIG. S6. Spectrum of equilibrium magnetization states, which correspond to point “b” in Figs. 2, 3 — A = 2, r0 = 1,
d = −0.368. The big I and small II radius skyrmions correspond to lines I and II in Fig. 2, respectively. Non-topological
solution II′ corresponds to the line II′
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FIG. S7. Spectrum of equilibrium magnetization states, which correspond to point “c” in Fig. 3 — A = 2, r0 = 1, d = 0. The
curvature stabilized skyrmion II and non-topological solution II′ correspond to lines II and II′ in Fig. 2, respectively.
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FIG. S8. Spectrum of equilibrium magnetization states, which correspond to point “d” in Fig. 3 — A = 2, r0 = 1, d = 1.2.
Skyrmion IV and non-topological solution II′correspond to lines IV and II′ in Fig. 2, respectively.
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FIG. S9. Spectrum of equilibrium magnetization states, which correspond to point “e” in Fig. 3 — A = −3, r0 = 1, d = 1.1.
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FIG. S10. Spectrum of equilibrium magnetization states, which correspond to point “f” in Fig. 3 — A = −3, r0 = 1, d = 1.8.
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