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ABSTRACT: A magnetic nanoparticle in a vortex state is a promising candidate for the
information storage. One bit of information corresponds to the upward or downward
magnetization of the vortex core (vortex polarity). The dynamics of the magnetic vortex
driven by a spin current is studied theoretically. Using a simple analytical model and
numerical simulations, we show that a nondecaying vortex motion can be excited by a dc
spin–polarized current, whose intensity exceeds a first threshold value as a result of the
balance between a spin-torque pumping and damping forces. The irreversible switching of
the vortex polarity takes place for a current above a second threshold. The mechanism of
the switching, which involves the process of creation and annihilation of a
vortex–antivortex pair is described analytically, using a rigid model, and confirmed by
detailed spin–lattice simulations. © 2009 Wiley Periodicals, Inc. Int J Quantum
Chem 110: 83–97, 2010
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1. Introduction

A strikingly rapid development of the elemen-
tary base of systems of information storage
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and processing causes the change over to magnetic
particles and their structures with typical scales less
than a micron. It is important to manipulate very fast
by magnetic properties of such systems. Investiga-
tions of magnetic nanostructures include studies of
magnetic nanodots, that is, submicron disk-shaped
particles, which have a single vortex in the ground
state due to the competition between exchange and
magnetic dipole–dipole interaction. A vortex state
is obtained in nanodots that are larger than a single
domain whose size is a few nanometers: for example,
for the Permalloy (Ni80Fe20) nanodot, the exchange
length lex ∼6 nm. Magnetic nanodots with their vor-
tex ground state show a considerable promise as can-
didates for high density magnetic storage and high
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speed nonvolatile magnetic random access memory
(MRAM) and spin-torque random access memory
(STRAM). The vortex state disks are characterized
by the following conserved quantities, which can
be associated with a bit of information: the polarity,
the sense of the vortex core magnetization direction
(up or down), and the chirality or handedness, the
sense of the in–plane curling direction of the mag-
netization (clockwise or counterclockwise). That is
why one needs to control magnetization reversal, a
process in which vortices play a big role [1]. Great
progress has been made recently with the possibility
to observe high frequency dynamical properties of
the vortex state in magnetic dots by Brillouin light
scattering of spin waves [2, 3], time-resolved Kerr
microscopy [4], phase sensitive Fourier transforma-
tion technique [5], X-ray imaging technique [6], and
micro-SQUID technique [7].

The control of magnetic nonlinear structures
using an electrical current is of special interest for
applications in spintronics [8–11]. The spin–torque
effect, which is the change of magnetization due to
the interaction with an electrical current, was pre-
dicted by Slonczewski [12] and Berger [13] in 1996.
During the last decade, this effect was tested in
different magnetic systems [14–33]. Nowadays, the
spin–torque effect plays an important role in spin-
tronics [9, 10]. Recently, the spin torque effect was
observed in vortex state nanoparticles. In particular,
circular vortex motion can be excited by anAC [34] or
a DC [31, 35, 36] spin-polarized current. Very recently
it was predicted theoretically [37, 38] and observed
experimentally [32] that the vortex polarity can be
controlled using a spin-polarized current. This opens
up the possibility of realizing electrically controlled
magnetic devices, changing the direction of modern
spintronics [39].

We show that the spin current causes a nontrivial
vortex dynamics. When the current strength exceeds
some threshold value jcr, the vortex starts to move
along a spiral trajectory, which converges to a cir-
cular limit cycle. When the current strength exceeds
the second threshold value jsw, the vortex switches its
polarity during its spiral motion. After that it rapidly
goes back to the dot center. We present a simple pic-
ture of this switching process and confirm our results
by spin-lattice simulations.

2. Model and Continuum Description

We start from the model of the classical ferromag-
netic system with a Hamiltonian H, described by

the isotropic Heisenberg exchange interaction Hex,
on–site anisotropy Han, and the dipolar interaction
Hdip:

H = − J
2

∑
(n,δ)

Sn · Sn+δ + K
∑

n

(
Sz

n

)2

+ D
2

∑
n,n′

n �=n′

Sn · Sn′ − 3(Sn · enn′)(Sn′ · enn′)

|n − n′|3 . (1)

Here Sn ≡ (Sx
n, Sy

n, Sz
n) is a classical spin vector

with fixed length S in units of action on the site
n = (nx, ny, nz) of a three–dimensional cubic lattice
with integers nx, ny, nz, J is the exchange integral,
K is the on–site anisotropy constant, the parameter
D = γ 2/a3 is the strength of the long–range dipo-
lar interaction, γ = g|e|/(2mc) is a gyromagnetic
ratio, g is the Landé–factor, a is the lattice constant;
the vector δ connects nearest neighbors, and enn′ ≡
(n − n′)/|n − n′| is a unit vector. The spin dynamics
of the system is described by the discrete version of
the Landau—Lifshitz—Gilbert (LLG) equation

dSn

dt
= −

[
Sn × ∂H

∂Sn

]
− α

S

[
Sn × dSn

dt

]
. (2)

The continuum dynamics of the the spin system
can be describes in terms of magnetization vector M.
The energy functional

E =
∫

dr
[

A
2M2

S

(∇M)2 + KM2
z − 1

2
(M · Hms)

]
, (3)

where A = 2JS2/a is the exchange constant, MS =
γ S/a3 is the saturation magnetization, K = K/(a3γ 2),
and Hms is a magnetostatic field, which comes from
the dipolar interaction. Magnetostatic field Hms sat-
isfies the Maxwell magnetostatic equations [40, 41]

{
∇ × Hms = 0,
∇ · Hms = −4π∇ · M,

(4)

which can be solved using magnetostatic potential,
Hms = −∇�ms. The source of the field Hms are mag-
netostatic charges: volume charges λms ≡ −∇ · m
and surface ones σ ms ≡ m · n with m = M/MS

and n being the external normal. The magnetostatic
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potential inside the sample and energy read:

�ms(r) = MS

(∫
V

dr′ λ
ms(r′)

|r − r′| +
∫

S
dS′ σ

ms(r′)
|r − r′|

)
, (5a)

Ems = MS

2

(∫
V

drλms(r)�ms(r) +
∫

S
dSσ ms(r)�ms(r)

)
.

(5b)

The evolution of magnetization can be described
by the continuum version of Eq. (2). In terms of the
angular variables m = (sin θ cos φ, sin θ sin φ, cos θ)

these LLG equations read:

sin θ∂τφ = −δE

δθ
− α∂τ θ , (6a)

− sin θ∂τ θ = −δE

δφ
− α sin2 θ∂τφ. (6b)

Here and below

τ = ω0t, E = E
4πM2

S

, ω0 = 4πγ MS. (7)

3. Magnetic Vortex in the Nanodisk

Magnetic properties of small particles can be
described by the macrospin approximation [42] only
when the typical particle size does not exceed the
exchange length

 =
√

A
4πM2

S

, (8)

which is about 5÷10 nm for typical magnetically soft
materials [40]. When the particle increases, the mag-
netization curling becomes energetically preferable
due to the competition between the exchange and
dipolar interaction. There appears a domain struc-
ture with a typical size defined by the magnetic
length l0 = √

A/|K|. Another type of the nonuni-
form magnetization structure appears in magnetic
particles of soft magnets with |K|/M2

S � 1, namely
nonuniform structures with closed magnetic flux
due to the dipolar interaction [40, 41].

We consider the disk–shape particle of the radius
L and the thickness h. The ground state of the small
size nanodisk is quasi–uniform; it depends on the
particle aspect ratio ε = h/2L: thin nanodisks are
magnetized in the plane (when ε < εc ≈ 0.906)
[43] and thick ones along the axis (when ε > εc).

When the particle size exceed some critical value,
which depends on the thickness, the magnetization
curlingbecomes energetically preferable due to the
competition between the exchange and dipolar inter-
action. For the disk shape particle, there appears
the vortex state. The static vortex state provides the
absence of volume and edge surface magnetostatic
charges. The only small stray field comes from face
surface charges, which are localized inside the core.
For thin disks, the magnetization distribution does
not depend on the thickness coordinate z. The static
vortex configuration has the following form

cos θ = pmz(r), φ = qχ + Cπ/2. (9)

Here q = 1 is the π 1 topological charge (vorticity),
p = ±1 describes the vortex core magnetization, that
is, the vortex polarity (up or down),C = ±1 describes
the in–plane curling direction of the magnetization,
that is, its chirality (clockwise or counterclockwise).
The vortex polarity is connected to the π2 topological
properties of the system, the Pontryagin index,

Q = εij

8π

∫
d2xm · [∂im × ∂jm] = qp

2
. (10)

The exchange energy of the vortex takes a form

Wex ≡ Eex

VM2
S

= 4π2

L2

∫ 1

0
ρdρ

[
θ ′(ρ)2 + sin2 θ(ρ)

ρ2

]
, ρ ≡ r

L
.

(11)

The magnetostatic energy of the vortex is caused
by the magnetostatic charges; for the static vor-
tex configuration (9) both volume and edge surface
charges are absent [40]. The magnetostatic energy
of the vortex is only due to the face surface charges
σ ms

face = mz(ρ), and the magnetostatic energy takes a
form [44]

Wms ≡ Ems

VM2
S

=
∫ 1

0
ρdρ

∫ 1

0
ρ ′dρ ′mz(ρ)mz(ρ

′)K (ρ, ρ ′),

(12a)

K (ρ, ρ ′) = 4π

∫ ∞

0
g(2εx)J0(ρx)J0(ρ

′x)xdx,

g(t) ≡ 1 − exp(−t)
t

. (12b)

By minimizing the total energy Wex + Wms, one
can obtain the out–of–plane vortex structure as a
solution of the integro–differential equation [45]:
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d2θ

dρ2
+ 1

ρ

dθ

dρ
− sin θ cos θ

ρ2

+ L2

4π2
sin θ

∫ 1

0
ρ ′dρ ′ cos θ(ρ ′)K (ρ, ρ ′) = 0, (13)

which can be solved numerically only. In the limit of
infinitesimally thin disk (ε � 1), the kernel takes a
local form, K (ρ, ρ ′) = 4πδ(ρ − ρ ′)/ρ [45], hence

Wms = 4π

∫ 1

0
ρdρ cos2 θ(ρ), (14)

which coincides with energy of the easy–plane
anisotropy. Therefore, the vortex structure can be
approximately described by the ODE [44]

d2θ

dρ2
+ 1

ρ

dθ

dρ
+ sin θ cos θ

[(
L


)2

− 1
ρ2

]
= 0. (15)

Let us discuss the behavior of θ(ρ). The standard
way to analyze the vortex structure is to use some
ansatz instead of numerical solution of (13). The sim-
plest ansatz was proposed by Aharoni [43], where
the nontrivial out–of–plane vortex structure exists
inside the vortex core, when ρ < ρc, and takes a form
cos θ = 1 − ρ2/ρc

2. However, such a model does not
satisfy, even approximately, Eq. (15). More realistic
sounds the exchange ansatz by Usov [46]; according
to the Usov ansatz the vortex out–of–plane structure
takes the form of Belavin–Polyakov soliton inside the
core, and, takes zero value outside:

mz(ρ) =




ρc
2 − ρ2

ρc
2 + ρ2

, when ρ < ρc,

0, when ρ > ρc.
(16)

In this ansatz, and some other modifications [45, 47–
49], the magnetostatic energy appears only through
the core radius ρc; for thin disks ρc ≈ 2/L [50].
Note that this ansatz has a singularity at ρ = ρc.
The regular model was proposed by Feldtkeller
[44]. According to the Feldtkeller ansatz, the vortex
out–of–plane structure has a gaussian form,

mz(ρ) = exp
(

− ρ2

ρc
2

)
(17)

with ρc being the variational parameter. In the limit
cases /L→0 and ε→0, the analytical solution gives
ρc = √

2/L [44]. The core radius slightly depends
on the disk thickness, ρc ≈ √

2/L 3
√

1 + 0.39h/ [51].

The deviations from the easy–plane models
appears due to the finite thickness of the magnet,
where the structure is described by the Eq. (13). The
new feature is an appearance of the magnetostatic
halo, that is, the region with cos θ < 0 [52]. The sim-
plest model, which admits the appearance of halo is
the Höllinger ansatz [53]

mz(ρ) = C exp(−ρ2L2/22)+(1 − C) exp(−ρ2L2/82).
(18)

The further generalization can be found in Ref. [40,
p. 265].

To analyze the halo we have to solve Eq. (13).
The problem appears with the nonlocal magneto-
static part; it can be treated using a Fourier–Bessel
transform of the magnetization,

m̂(q) =
∫ ∞

0
J0(ρq)m(ρ)ρdρ,

m(ρ) =
∫ ∞

0
J0(ρq)m̂(q)qdq. (19)

The magnetostatic energy (12) takes a form

Wms = 4π

∫ ∞

0
m̂2(q)g(2εq)qdq,

where the integration limits were extended to infin-
ity due to the local shape of mz(ρ). The local shape
of mz(ρ) gives a possibility to simplify the expres-
sion (11) for the exchange energy: one can replace
θ ′2 by m′2

z . The second term in the energy density
sin2 θ/ρ2, which appears only due to the out–of–
plane magnetization, we replace by the constrain
mz(ρ0) = m0. Thus, we can approximately write
down the exchange energy in the following form:

Wex ≈ 4π2

L2

∫ ∞

0

{
m′2

z − λδ(ρ − ρ0)[mz(ρ) − m0]
}
ρdρ,

where m(ρ) < m0 for ρ > ρ0 and λ > 0; the inte-
gration limits were extended to infinity. Using the
transform (19), one can rewrite the exchange energy
in the following form

Wex ≈ 4π2

L2

∫ ∞

0
[q2m̂2(q) − ρ0λJ0(qρ0)m̂(q)]qdq.

By minimizing the total energy

W ≈ 4π2

L2

∫ ∞

0
{m̂2(q)[q2 + g(2εq)L2/2]

− m̂(q)ρ0λJ0(qρ0)}qdq (20)
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with respect to m̂(q), one can find

m̂(q) = ρ0λ

2
J0(qρ0)

q2 + g(2εq)L2/2
. (21)

Using the Fourier–Bessel inversion (19) and
determing the parameter λ from the constrain
mz(ρ0) = m0, one finally obtain the out–of–plane
vortex structure in the following form:

mz(ρ) = m0
F(ρ)

F(ρ0)
, F(x) =

∫ ∞

0

J0(qρ0)J0(qx)qdq
q2 + g(2εq)L2/2

,

(22)

where the function g(•) is defined in Eq. (12a).
To check different approaches, we performed two

kinds of simulations. The first type is public available
3D micromagnetic OOMMF simulator [54] (devel-
oped by M. J. Donahue and D. Porter mainly from
NIST. We used the 3D version of the 1.2α 2 release)
with Py parameters: A = 2.6 × 10−6 egr/cm, MS =
8.6 × 102 Gs, α = 0.006. This corresponds to the
exchange length  = √

A/4πM2
S ≈ 5.3 nm; the mash

size is 2 nm. The second type is original spin–lattice
SLASI simulator [55], based on discrete LLG equa-
tions (2) for the lattice spins, where the 3D spin
distribution is supposed to be independent on z
coordinate. Comparison of different approaches is
plotted on Figure 1. The slight difference between
two types of simulations is due to different ratio L/.
One can see that only the Fourier transform model
(22) describes the halo quite well (as initial param-
eters we used the constrain mz(0.1) = 0.37 from
numerical data).

3.1. GYROSCOPIC VORTEX DYNAMICS

Under the influence of external force the vortex
starts to move. If such forces are weak, the vortex
behaves like a particle during its evolution. Such a
rigid vortex dynamics can be well–described using
a Thiele approach [56, 57]. Following this approach,
one can use the travelling wave ansatz (TWA):

m(r, τ) = m(r − R(τ )), (23)

where the vortex center position R(τ ) becomes a col-
lective variable. By integrating the Landau–Lifshitz
equations (6) with the TWA, one can calculate
the effective equation of the vortex motion (Thiele
equation):

G[Ṙ × ẑ] = F − ηṘ. (24)

FIGURE 1. The vortex out–of–plane structure. The
dashed lines corresponds to the analytical models: (1) by
Usov (16), (2) by Feldtkeller (17), (3) by Höllinger (18),
and (4) the Fourier–transform model (22), see details in
the text. The continuous curves corresponds to the
simulations data: (5) the micromagnetic OOMMF
simulations for the Py disk with 2L = 200 nm and h = 20
nm (aspect ratio ε = 0.1); (6) the discrete SLASI
simulations with 2L = 100a0, h = 10a0,  = 2.65a0

(ε = 0.1). [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.]

Here the force in the lefthandside is a gyroscopi-
cal force (G = −4πQ = −2πp is the gyroconstant),
which acts on a moving vortex in the same way as the
Lorentz force acts on a moving charged particle in a
magnetic field. The force F = −(1/h)∇RE is external
force, which comes from the total energy functional
(3). The last term describes the Gilbert damping with
η = πα ln(L/).

We obtained Thiele equations (24) using the TWA
(23), which is a good approach for an infinite film.
However for the finite size system, the boundary
conditions should be taken into account. In a finite
system with a vortex situated far from the boundary,
the boundary conditions lead first of all to a modifi-
cation of the in–plane magnetization. For a circular
geometry and fixed (Dirichlet) boundary conditions,
one can use the image vortex ansatz (IVA) [58]:

cos θ IVA = mz(z − Z(t)), (25a)

φIVA = Cπ/2 + arg(z − Z(t))

+ arg(z − ZI(t)) − arg Z(t). (25b)
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Here ZI = ZL2/R2 is the image vortex coordinate,
which is added to satisfy the Dirichlet boundary
conditions. By integrating the Landau–Lifshitz equa-
tions (6) with the IVA, we obtain formally Thiele
equations in the form (24).

Let us start to calculate forces in Eq. (24) with
the exchange energy contribution. By neglecting the
out–of–plane vortex structure, one can calculate how
the exchange energy changes due to the vortex shift.
In case of the TWA model, it has the form [59]

E ex = π

2
h2 ln(1 − s2), s ≡ R

L
, (26)

in the case of the IVA model one has

E ex = −πh2 ln(1 − s2). (27)

In the last case, the exchange energy increment is
positive and for the small vortex displacements it is
E ex ≈ πh2s2, and the restoring force Fex = −kexR
with kex = 2π(/L)2. This force produces a vortex
gyration with a frequency �ex = kex/|G| = 2/L2. In
the case of non small vortex shifts one has [58]

�ex = L2

|G|∂sE
ex =

(


L

)2 1
1 − s2

. (28)

This result was obtain without the magnetostatic
contribution; the last one drastically changes the pic-
ture. The stray field produces two contributions: (i)
by the surface charges σ ms = m · n and (ii) by the
volume charges λms = −∇ · m. To calculate the
magnetostatic energy contribution, one has to make
some assumptions about the magnetization config-
uration of the shifted vortex. The simplest way is
to use the rigid TWA approach, where the shifted
vortex produces the edge surface charges without
volume charges; this leads to the rigid vortex model
by Metlov [60]:

R(z, z̄) ≡ cot(θ/2)eıφ =




f (z), |f (z)| < 1,√
f (z)

f (z)
, |f (z)| ≥ 1,

(29a)

f (z) = ı(z − Z)

ρcL
. (29b)

The vortex gyration in the framework of the rigid
model was calculated in Refs. [59, 61, 62]. Another
model is the pole–free model by Metlov [63], which

takes a form (29) with the function

f (z) = ı

ρcL

[
z − 1

2

(
Z − Z̄

z2

L2

)]
. (30)

This model provides the fixed boundary conditions,
which prevents to the appearance of edge surface
charges. Hence, the magnetostatic energy of this
model is caused only by the volume charges [47].
A similar and more simple model, which provides
the absence of edge surface charges, is mentioned
above IVA (25); below we will use namely the IVA.

A comparison of the rigid vortex and the pole–
free models with simulations data has shown that
the pole–free model better describes the gyroscopical
vortex motion [62]. Recently, the correctness of the
pole–free model was independently confirmed the-
oretically by the linear mode analysis [35, 64, 65, 67]
and experimentally [4, 65, 66]. Results of comparison
of different approaches is presented on Figure 2.

Now we are able to calculate the stray field energy
of the shifted vortex. We start with the image–vortex
ansatz (25). By neglecting the out–of–plane contri-
bution of the vortex structure, one can calculate the
magnetostatic charges as follows:

λms(r) = 2Cs
L

�(r/L, s, χ), (31a)

where the function �(ξ , s, χ) takes the following
form:

�(ξ , s, χ)

= ξ sin χ√
s2 + ξ 2 − 2sξ cos χ

√
1 + s2ξ 2 − 2sξ cos χ

.

(31b)

Here the origin of normalized polar coordinate frame
(ξ ≡ r/L, χ) coincides with disk center and angle χ

is counted from the direction of the shifted vortex.
Then the normalized magnetostatic vortex energy
(5b) reads

E ms = 1
8π

∫
dr

∫
dr′ λ

ms(r)λms(r′)
|r − r′| = πs2h2L�(ε, s),

(32a)

�(ε, s) = 1
π 2

∫ 1

0
dζ

∫ 1

0
dξ

∫ 1

0
dξ ′

∫ 2π

0
dχ

×
∫ 2π

0
dψ

ξξ ′(1 − ζ )�(ξ , s, χ)�(ξ ′, s, χ + ψ)√
ξ 2 + ξ ′2 − 2ξξ ′ cos ψ + 4ε2ζ 2

.

(32b)
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FIGURE 2. The vortex gyrofrequency � depending on the disk aspect ratio ε = h/2L. The dashed lines corresponds to
the Metlov’s ansatz following Ref. [62]: the curve (1) corresponds to the rigid ansatz (29), the curve (2) to the pole–free
ansatz (30). The continuous line (3) is the theoretical calculation (34) using the image vortex ansatz. The dotted line (4)
is the asymptote (35). The dashed–dotted line (5) is the magnon mode frequency according to Ref. [64], (6) the same by
Ref. [65]. The continuous line (7) is the OOMMF simulations data. The symbols (8) are the experimental data, see Ref.
[4], symbols (9) are the experimental data by Ref. [65]. Symbols (10) corresponds to the experimental data by Ref. [66].
[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

Let us start with the case of small vortex displace-
ments (s→0) and limit ourselves by the limit case of
�(ε, 0). The last one takes a know form [47]

�(ε, 0) =
∫ ∞

0
dxg(ε, x)

[∫ 1

0
ξdξ J1(xξ)

]2

,

g(ε, x) = 2εx − 1 + e−2εx

2x2ε2
. (33)

One can see that for small vortex displacements the
energy has the harmonic law E ms = khR2/2, and the
restoring force Fms = −kR with k = 4πε�(ε, 0).
Therefore, the Thiele equation (24) results in a
vortex gyration, where the vortex precess with the
frequency

�(ε) = k
|G| = 2ε�(ε, 0). (34)

This frequency corresponds to the frequency of the
gyrotropic magnon mode on a vortex, which lies typ-
ically in a sub-GHz range [62, 64, 66–68]. The depen-
dence (34) is plotted by the curve (3) on Figure 2; it
agrees well with experimental and simulations data.

In the case of very thin films (ε → 0), all calcu-
lations can be done analytically, see Appendix: the
gyrofrequency

�0 = 2ε�(0, 0) = 4ε

3π
(2G − 1) ≈ 0.3531ε, (35)

which is in a good agreement with the result [66]:
�0 ≈ 10ε/(9π) ≈ 0.3537ε.

In the case of a nonsmall vortex displacement, one
can use the general expression (32), which leads to
the gyrofrequency

�(ε, s) = 2ε
[
�(ε, s) + s

2
∂s�(ε, s)

]
. (36)

Now, using �(ε, s) from Eq. (32b), one can calculate
the gyrofrequency in a wide range of aspect ratios
and the vortex shifts, see Figure 3. In the limit case
of thin disks, ε→0, the numerical data can be fitted
(with the accuracy 1.2% in the range s ∈ (0; 0.5)) by
the dependence,

�(ε→0, s) ≈ 4ε

3π

2G − 1
1 − (s/2)2

. (37)

In order to check dependencies �(ε, s), we per-
formed SLASI simulations, see Figure 3. Our analyt-
ical calculations correspond to the simulation data
quite well for s < 0.5. For the higher vortex shift, the
model image–vortex ansatz does not work, because
the vortex out–of–plane structure is deformed. We
will see below in Section that such deformation can
even switch the vortex magnetization.
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FIGURE 3. The vortex gyrofrequency �(ε, s)

normalized by �(ε, 0) as a function of the vortex shift
s ≡ R/L. The continuous line (1) corresponds to
analytical caluclations by (36), (32b) for ε = 0, the
dashed curve (2) is the approximate dependence (37).
The continuous curves (3) and (5) correspond to
calculations for ε = 0.025 and ε = 0.1, respectively.
Symbols are the SLASI simulations data: (4) correspond
to ε = 0.025 for the spin lattice 2L = 40a0, h = a0, and
 = 1.4a0; symbols (5) correspond to ε = 0.1, 2L = 50a0,
h = 5a0, and  = 1.3a0. [Color figure can be viewed in
the online issue, which is available at
www.interscience.wiley.com.]

4. Current driven vortex dynamics

Let us discuss the effects of an electrical current
on the vortex dynamics in magnets. As we dis-
cussed in the introduction, the current influences the
spin dynamics of the magnet due to the spin–torque
effect. There exist two main kinds of heterostruc-
tures, where the spin-torque effect is observed [8]: a
current-in-plane (CIP) structure, where both polar-
izer and sensor layer are magnetized in plane and a
current-perpendicular-to-the-plane (CPP) structure,
where the sensor is in-plane magnetized, while the
polarizer is magnetized perpendicular to the plane.
We consider the CPP heterostructure with a vortex
state sensor, which was proposed recently in Refs.
37, 38.

It is well–known [12] that the spin torque
effect causes a spin precession in a homogeneously
magnetized particle. A similar picture also takes
place for the vortex state Heisenberg system [37],
where the spin current, which is perpendicular to
the nanoparticle plane, mainly acts like an effec-
tive perpendicular DC magnetic field. Recently, we

have shown [38] that the dipolar interaction cru-
cially changes the physical picture of the process.
The precessional vortex state [37] becomes unfa-
vorable, because the dipolar interaction tries to
minimize the edge surface magnetostatic charges,
hence the magnetization at the dot edge is almost
conserved [67].

We consider a pillar structure [37, 69, 70], in
which the magnetization direction in the polarizer is
aligned parallel to z (see Fig. 4). An electrical current
is injected in the polarizer, where it is polarized along
the unit vector σ (which is collinear to z in our case).
The sensor is a thin disk with a vortex ground state:
the magnetization lies in the disk plane in the main
part of the disk being parallel to the disk edge; how-
ever in the disk center, the magnetization becomes
perpendicular to the disk plane in order to prevent
a singularity in the magnetization distribution [40,
58]. This perpendicular magnetization distribution
forms the vortex core, which is oriented along z or
opposite to z. Such a direction of the core magnetiza-
tion is characterized by the vortex polarity (p = +1
or p = −1, respectively). In the pillar stack, the thick-
ness of the nonmagnetic layer (spacer) is much less
than the spin diffusion length [69, 71], hence the spin
polarization of the current is conserved when it flows
into the sensor.

The spin dynamics can be described by the LLG
spin–lattice equations (2) with an additional spin–
torque term Tn in the right hand side [12, 13] of the
following form:

Tn = jAω0

S + BSn · σ
[Sn × [Sn × σ ]], (38)

FIGURE 4. Schematic of the CPP heterostructure used
for the current induced vortex dynamics. [Color figure
can be viewed in the online issue, which is available at
www.interscience.wiley.com.]
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A = 4η3/2
sp

3(1 + ηsp)3−16η
3/2
sp

, B= (1 + ηsp)
3

3(1 + ηsp)3−16η
3/2
sp

.

(39)

Here j = Je/Jp is a normalized spin current, Je being
the electrical current density, Jp = M2

S|e|h/�, e being
the electron charge, and ηsp ∈ (0; 1) being the degree
of the spin polarization.

In the continuous limit one can use the LLG Eqs.
(40) with an additional spin–torque term:

sin θ∂τφ = −δE

δθ
− α∂τ θ , (40a)

− sin θ∂τ θ = −δE

δφ
− α sin2 θ∂τφ + κ sin2 θ

1 + Bσ cos θ
,

(40b)

where we introduced the normalized current κ =
jσA. We are interested here by the influence of the
homogeneous spin torque T ∝ j · m only. Note
that such an approach is adequate if the magnetiza-
tion does not change in the direction of the current
propagation (|∂zm| � 1); this is reasonable for the
perpendicular current and thin nanodisks. However,
if one applies a current in the direction of the disk
plane, there appears a nonhomogeneous spin torque
T ∝ (j · ∇)m [72], which causes another mechanism
of the vortex dynamics [32, 34, 39, 73, 74].

We start to analyze the spin torque effect with a
quasi–uniform ground state, which is the in–plane
magnetized disk. Under the influence of the spin
current, the homogeneous ground state of the sys-
tem changes: there appears a dynamical cone state
with the out-of-plane magnetization,

cos θh = σ

2B (
√

1 + 4κBσ/α − 1) ≈ κ

α
,

�h ≡ ∂τφ = cos θh, (41)

where the in–plane magnetization angle φ rotates
around z–axes with a frequency �h. This state is
stable only for |κ − αB| < α. Together with this
state there is always the fixed point θh = 0 (resp.
θh = π ), which is stable for κ − αB > α (resp.
κ − αB > −α).

Let us discuss the vortex state nanodisk and study
the influence of the spin–torque effect in the vortex
dynamics. The standard way to derive the effective
equations of motions one can multiply Eq. (40a) by
∇θ , Eq. (40b) by ∇φ, to add results and to inte-
grate it by the sample volume. By incorporating
the image–vortex ansatz (25) into this force balance

equation, one can finally obtain, similar to the Thiele
equation (24):

G[ez × Ṙ] − 2πηṘ − 2π�(ε, s)R + FST = 0. (42a)

The last term in the right hand side, FST, is a spin–
torque force:

FST = −κ

∫
d2x

sin2 θ

1 + Bσ cos θ
∇φ. (42b)

To treat this force analytically, we can neglect the B–
term in denominator. Using the ansatz (25), one can
approximately calculate FST in the form [35, 36, 75]:

FST ≈ −κ

∫
d2x∇φ = −πκq[R × ez]. (42c)

Using the polar coordinates for the vortex position,
Z = (X + ıY) = Reı�, one can rewrite (42) in the
following form:

�̇ = p�(ε, s) − 2πη
Ṙ
R

,
Ṙ
R

= −ηp�̇ − 1
2

κp. (43)

Without the spin current term, the vortex stays at the
disk center, which is a ground state. This stability of
the origin is provided by the damping. However, the
loss of energy due to the damping can be compen-
sated by the energy pumping due to the spin current
if the current exceeds a critical value, see below. One
can see from Eq. (43) that the vortex position at ori-
gin can be unstable when pκ < 0. The spin current
excites a spiral vortex motion, which finally leads to
the circular limit cycle Z(τ ) = R0 exp(ıωτ) with the
frequency

ω = p�(ε, s0) = − κ

2η
. (44)

The critical current can be easily estimated as fol-
lows:

κcr = 2η�(ε), jcr = 2η�(ε)

A , (45)

where �(ε) = �(ε, s = 0), see (34). The spiral vortex
motion can be excited under the conditions: |j| > jcr

and pjσ < 0. Note that for small aspect ratios ε ≡
h/2L � 1, one can use the approximation �(ε) ≈
�0 = 4ε(2G − 1)/(3π), see (35), hence,

jcr ≈ 4αh(2G − 1)

3AL
ln

L


. (46)
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The radius of the limit cycle R0 = Ls0 can be found
by solving the equation

�(ε, s0)

�(ε)
= |j|

jcr
. (47)

In the limit case of infinitesimally thin disks one can
use the approximate dependence (37), which leads
to the limit cycle radius as follows,

R0 = 2L

√
1 − jcr

|j| . (48)

Note that similar threshold dependence was
obtained recently in Ref. [35], R0 = 0.153L

√
(j − jc)/jc.

Very recently, the existence of the limit cycle by the
spin current was confirmed experimentally [36].

To check analytical results, we performed numer-
ical simulations of the discrete spin–lattice LLG
equations (2) with additional spin–torque term in the
form (38). In simulation’s we observed that the vor-
tex does not quit the disk center, which is a stable
point, if we apply the current, whose polarization is
parallel to the vortex polarity (jσp > 0). However,
if the spin current has the opposite direction of the
spin polarization (jσp < 0, p = +1, σ = +1, and
j < 0 in our case), the vortex motion can be excited
when the current intensity is above a threshold value
[35, 75, 76] as a result of the balance between the
pumping and damping. Following the spiral trajec-
tory, the vortex finally reaches a circular limit cycle.
The rotation sense of the spiral is determined by
the gyroforce, that is, by the topological charge Q
[see (10)], which is a clockwise rotation in our case.
The vortex motion can be excited only if the current
strength exceeds some critical value jcr, see Figure 5.
Numerically we found that jcr = 0.0165, which cor-
responds to κcr = 7.94×10−4. This result is in a good
agreement with κcr = 7.96×10−4, which we obtained
using (45).

The radius of the vortex trajectory increases with
a current intensity in accordance to (48). At some
value, the radius becomes comparable with the sys-
tem size L and the vortex dynamics becomes nonlo-
cal: it cannot be described by the Eq. (24). Finally, it
results in a switching of the vortex core.

The switching process is detailed on Figure 6.
The mechanism of the vortex switching is essen-
tially the same in all systems where the switching
was observed [32, 38, 75, 77–81]. Under the action
of the spin current, the vortex (qV = +1, pV = +1,
QV = +1/2), originally situated in the disk center, see

FIGURE 5. Limit cycle for different currents. Symbols
corresponds to simulations data: • for the original system
and � for the simplified one with B = 0; the solid curve
is the analytical dependence (48); the dashed curve is
the analytical result from Ref. [35]. Simulations
parameters: 2L = 50a0, h = 5a0,  = 1.3a0, α = 0.01,
σ = −1, ηsp = 0.26. [Color figure can be viewed in the
online issue, which is available at
www.interscience.wiley.com.]

Figure 6(a), starts to move along the spiral trajectory,
in the clockwise direction in our case, see Figure 7(a).
The moving vortex excites an azimuthal magnon
mode with a dip situated towards the disk center,
see Figure 6(b). When the vortex moves away from
the center, the amplitude of the dip increases, see
Figure 6(c). When the amplitude of the out-of-plane
dip reaches its minimum [mz = −1, Fig. 6(c)] a pair of
a new vortex (NV, qNV = +1, pNV = −1, QNV = −1/2)
and antivortex (AV, qAV =−1, pAV =−1, QAV = +1/2)
is created. These three objects move following com-
plicated trajectories which result from Thiele–like
equations. The directions of the motion of the part-
ners are determined by the competition between the
gyroscopical motion and the external forces, which
are magnetostatic force Fms, pumping force FST, see
Eqs. (42), and the interactions between the vortices
F int

i . The reason why the new-born vortex tears off
his partner has a topological origin. The gyroscopic
force depends on the total topological charge Q.
Therefore, it produces a clockwise motion for the
original vortex and the new-born antivortex, while
the new-born vortex moves in the counterclockwise
direction. As a result, the new vortex separates from
the vortex-antivortex pair and rapidly moves to the
origin, see Figures 6(d) and 7(a). The attractive force
between the original vortex (q = 1) and the antivor-
tex (q = −1) facilitates a binding and subsequent
annihilation of the vortex-antivortex pair, see Figure
6(e).
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FIGURE 6. The temporal evolution of the vortex during the switching process by SLASI simulations: the upper row
corresponds to the distribution of Sz spin components, the lower row corresponds to the in–plane spins around the
vortex core. Isosurfaces Sx = 0 (black curve) and Sy = 0 (orange curve) are plotted to determine positions of vortices
and the antivortex. The simulation parameters: 2L = 100a0, h = 10a0,  = 2.65a0, α = 0.01, σ = +1, ηsp = 0.26,
j = −0.1. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

The three–body process for the Heisenberg mag-
nets in a no-driving case is studied in details in
Ref. [82]. The internal gyroforces of the dip impart
the initial velocities to the NV and AV, which are
perpendicular to the initial dip velocity and have
opposite directions. In this way, the AV gains the
velocity component directed to the center, where
the V is moving. This new-born pair is a topologi-
cally trivial Q = 0 pair, which undergoes a Kelvin
motion [83]. This Kelvin pair collides with the orig-
inal vortex. If the pair was born far from V then the
scattering process is semi–elastic; the new-born pair

is not destroyed by the collision. In the exchange
approach, this pair survives, but it is scattered by
some angle [84]. Because of the additional forces
(pumping, damping, and magnetostatic interaction),
the real motion is more complicated and the Kevin
pair can finally annihilate by itself. Another colli-
sion mechanism takes place when the pair is born
closer to the original vortex. Then the AV can be
captured by the V and an annihilation with the
original vortex happens. The collision process is
essentially inelastic. During the collision, the orig-
inal vortex and the antivortex form a topological

FIGURE 7. The vortex dynamics under the switching by SLASI simulations for j = −0.1. Continuous curve
corresponds to the vortex trajectory before switching (p > 0), the dashed curve corresponds to the vortex trajectory after
the switching (p < 0); at τ = 877 the vortex polarity is switched. [Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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FIGURE 8. Numerical solution of Eq. (50) for the system with 2L = 100a0,  = 2.65a0, α = 0.01, κ = −0.027,
� = 0.0287. The original vortex was situated at (−36a0, 0), the antivortex at (−34.5a0, 0), and the new-born vortex at
(−33a0, 0): (a) the distance between the original vortex and the antivortex (vortex dipole radius Rdipole = |RV − RAV|) as a
function of dimensionless time τ ; (b) the trajectory of the new-born vortex. [Color figure can be viewed in the online
issue, which is available at www.interscience.wiley.com.]

nontrivial pair (Q = +1), which performs a rota-
tional motion around some guiding center [84,
85]. This rotating vortex dipole forms a localized
skyrmion (Belavin-Polyakov soliton [86]), which is
stable in the continuum system. In the discrete lattice
system, the radius of this soliton, that is, the distance
between vortex and antivortex, rapidly decreases
almost without energy loss. When the soliton radius
is about one lattice constant, the pair undergoes
the topologically forbidden annihilation [81, 85],
which is accompanied by strong spin-wave radia-
tion, because the topological properties of the system
change [87, 88].

Let us describe the three-body system with
account of the megnetostatic interaction and the
spin-torque driving. The magnetostatic force for the
three body system can be calculated, using the image
vortex approach, which corresponds to fixed bound-
ary conditions. For the vortex state, nanodisk such
boundary conditions results from the magnetostatic
interaction, which is localized near the disk edge [67].
The same statement is also valid for the three vor-
tex (V-AV-NV) state, which is confirmed also by our
numerical simulations. The φ–field can be presented
by the three vortex ansatz,

φ=
3∑

i=1

qi
{

arg[ζ − Zi] + arg
[
ζ − ZI

i

]−arg Zi
} + C

π

2
.

(49)

Note that Ansatz (49) can be generalized for the
case of N vortices and N-1 antivortices. The force
coming from the volume magnetostatic charge den-
sity can be calculated in the same way as for a
single vortex made above, which results in Fms

i ≈
−2π�Gqi

∑
j qjRj, where qi = ±1 is the vorticity of

i-th vortex (antivortex). The interaction force F int

between vortices is a 2D coulomb force F int
i =

2π2qi
∑

j �=i qj
Ri−Rj

|Ri−Rj |2 . Finally, the three–body prob-

lem can be described by the Thiele–like equations:

− 2Qi[ez × Ṙ] − ηṘ − �(ε, s)qi

∑
j

qjRj

+ 2qi

∑
j �=i

qj
Ri − Rj

|Ri − Rj|2 + FST
i

2π
= 0. (50)

The set of Eq. (50) describes the main features of
the observed three–body dynamics. During the evo-
lution, the original vortex and the antivortex create
a rotating dipole, in agreement with Refs. 84, 85, see
Figure 8(a). The distance in this vortex dipole rapidly
tends to zero. The new–born vortex moves on a coun-
terclockwise spiral to the origin in agreement with
our numerical data, see Figure 8(b).

The switching process has a threshold behav-
ior. It occurs when the current |j| > jsw, which
is about 0.0102 in our simulations, see Figure 9.
For stronger currents, the switching time rapidly
decreases. Using typical parameters for permalloy
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FIGURE 9. Switching time as a function of the applied
current. [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.]

disks [37, 81] (A = 26 pJ/m, MS = 860 kA/m,
α = 0.01), we estimate that the time unit 2π/ω0 = 33
ps, the switching current density is about 0.1 A/µm2

for ηsp = 0.26 and 20 nm of a nanodot thickness. The
total current for a disk with diameter 200 nm is about
10 mA.

5. Summary

As a summary, we have studied the magnetic
vortex dynamics under the action of an electrical cur-
rent. The steady-state vortex motion (circular limit
cycle) can be excited due spin–transfer effect above
a threshold current. This limit cycle results from
the balance of forces between the pumping (due
to the spin-torque effect) and damping (due to the
Gilbert relaxation) [35, 75]. Recently, current-driven
subgigahertz oscillations in point contacts caused
by the large-amplitude vortex dynamics were
observed experimentally [36]. In particular, it was
observed a stable circular orbit outside of the contact
region.

The switching of the vortex polarity takes place
for a stringer current. It is important to stress that
such a switching picture involving the creation and
annihilation of a vortex-antivortex pair seems to be
very general and does not depend on the details
how the vortex dynamics was excited. In particu-
lar, such a switching mechanism can be induced by
a field pulse [77–79], by an AC oscillating [80] or
rotating field [81], by an in-plane electrical current
(nonhomogeneous spin torque) [32, 74], and by a
perpendicular current (our case, the homogeneous

spin torque) [35, 38, 75]. Our analytical analysis is
confirmed by numerical spin-lattice simulations.

Appendix

Let us calculate the gyrofrequency for the very
thin disk. We start from the Eq. (33). In the limit case
ε→0 one can write down:

�(0, 0) =
∫ ∞

0
dk

[∫ 1

0
ξdξ J1(kξ)

]2

, (A1)

where the relation limε→0 g(ε, k) = 1 was used. Taking
into account that∫ ∞

0
J1(ξx)J1(ξ

′x) dx

=




2
πξ ′ [K(ξ ′/ξ)−E(ξ ′/ξ)], ξ ′ < ξ

2
πξ

[K(ξ/ξ ′)−E(ξ/ξ ′)], ξ ′ > ξ ,

where K(x) and E(x) are elliptic integrals of the first
and second kinds respectively, it is easy to obtain
�(0, 0) = 4

3π

∫ 1
0 [K(x) − E(x)]dx. After integration

by parts, where the property d
dx E(x) = [E(x) −

K(x)]/x should be used, one can obtain the result
�(0, 0) = 2

3π
(2G − 1), with G = 1

2

∫ 1
0 K(x)dx ≈ 0.916

being the Catalan constant [89]. The corresponding
gyrofrequency takes the form (35).
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